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UNIT-1 & UNIT-II

1.1 Functions and their Limits

Function: Let A and B be two non empty sets. Arule f: A — B (read as f from A to B) is said to be a

function if to each element x of A there exists a unique element y of B such that f(x) = y.

y is called the image of x under the map f. Here x is independent variable and y is dependent

variable.

There are mainly two types of functions: Explicit functions and Implicit functions. If y is clearly

expressed in the terms of x directly then the function is called Explicit function. e.g. y = x + 20.

If y can’t be expressed in the terms of x directly then the function is called Implicit function. e.g.
ax?+2hxy+by?=1.

We may further categorized the functions according to their nature as:

Functions | Algebraic Trigonometric | Inverse Exponential | Logarithmic

Types Trigonometric

Examples y=x*+x+1, y = sinx, y = tan™1x, y =e*, y =log.x,
y=x3—-3x+2 y = secx y = cos x y=2* y = logsx
etc. etc. etc. etc. etc.

Even Function: A function f(x) is said to be an even function if f (—x) = f(x) for all x.

For example: x2,x* + 1, cos(x) etc.

0dd Function: A function f(x) is said to be an odd function if f(—x) = —f (x) for all x.

For example: x3, sin(x) , tan(x) etc.

Periodic Function: A function f(x) is said to be a periodic function if it retains same value after a

certain period.

For example: sin (x), tan (x) etc.

As sin(x) = sin(x + 2m) = sin(x + 4m) = sin(x + 6m) ...

Therefore sin (x) is a periodic function with period 2.

Some Solved Problems:

Ql.  Iff(x) = x?+1,find f(2).

Sol. Giventhat f(x) = x? +1

(1.2)
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Putx = 2in(1.1), we get
f(2) =2241=4+1=5.
Q2. Iff(x) = x3—1,find £(0).
Sol. Giventhat f(x) = x3—1 (2.1)
Putx = 0in(2.1), we get
f(0)=03-1=0-1=—1.
Q3. Iff(x) = x3+2x2—-3x+1,find f(—1).
Sol. Giventhatf(x) = x3+2x2—-3x+1 (3.2)
Put x = —1in(3.1), we get
f(-1) =(C-13*+2(-1)%?-3(-1)+1=-1+2+3+1=5.
Q4. Iff(x) = x*+x+1,find f(2). f(3).
Sol. Giventhat f(x) = x2+x+1 (4.1)
Putx = 2in (4.1), we get
f(2) =22424+1=4+2+1=7
Again put x = 3in (4.1), we get
f3) =3243+1=9+3+1=13
Therefore f(2).f(3) =7 x 13 =91.
Q5. Iff(x) = 2x% —4x+6,find ff((‘f)) .
Sol. Giventhatf(x) = 2x?—4x+6 (5.1)
Put x = —2in(5.1), we get
f(=2) = 2(-2)?—-4(-2)+6=2(4)+8+6=8+14=22
Again put x = 1in (5.1), we get
f() =2(1)*-41)+6=2—-4+6=4
Therefore % = % =55
Q6. Iff(x) = 3x3—5x + 3,find f(a?).
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Sol. Giventhatf(x) = 3x3—-5x + 3 (6.1)
Put x = a?in (6.1), we get
f(a®) =3(a?*?3®-5(@@?» +3=3a°—-5a?+3
1 . 1
Q.7. If (X) = Trx’ find f (;)
i -
Sol. Given that f(x) = e (7.1)
Replace x by % in (7.1), we get
1 1 1 x
0 -mrmym e
Q8. Ifg(x) = x3+2x2+5x+10,find g(—2) + g(—1).
Sol. Giventhat g(x) = x3+2x2+5x+10 (8.1)
Putx = —2in (8.1), we get
g(=2) = (-2)3+2(-2)>+5(-2)+ 10= -8+8—-10+10= 0
Again put x = —1in (8.1), we get
g(=1) = (-1D)3+2(-1?+5(-1)+ 10= -1+2-5+10=6
Therefore g(=2)+ g(=1)=0+6 = 6.
Q9. |Ifh(x) =sin(x) — x + 2, find h(0).
Sol. Given that h(x) =sin(x) — x + 2 (9.1)
Put x = 0in (9.1), we get
h(0) =sin(0)— 0+2=0—-0+2=2.
Q.10. If (x) =+2cos (x)— 3,find g (g) .
Sol.  Given that g(x) =+/2cos (x) — 3 (10.1)
Putx = % in (10.1), we get
9(3) =vZcos (§)-3=VZx-3=1-3= 2.
Note:
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(i) The symbol "o" is called infinity.
(ii) %is not finite (Where a # 0) and it is represented by o .
(iif) Z=0if(a # ).

Indeterminate Forms: The following forms are called indeterminate forms:

’ ’OOOO’OO’OOO’OO—OO’OXOQ etc.

olo

818

(These forms are meaningless)

Definition of Limit: A function f(x) is said to have limit [ when x tends to a, if for every positive ¢
(however small) there exists a positive number & such that | f(x) — | < & for all values of x for

which 0 < |x —a| < & anditis represented as

lim f(x) =1
x>a
Some basic properties on Limits:
(i) li_rgK:K where K is some constant.
(ii) }1_% K. f(x) =K.li_1)1}l f(x) where K is some constant.

(iif) lim [ f(x)+g(x) ]= lim £(x)+ lim g(x)
(v)  lim[f(x)-g()]=lim £(x)- lim g(x)
v lim[ (). g@) [=lim f(x). lim g(x)

(vi) lim{f (x)}zyg‘f@
g() | lim g()

provided that lim g(x) # 0
xX—a

(i) lim[f(x)]"= [lim f(x)T

Methods of finding the limits of the functions:

1) Direct Substitution Method
2) Factorization Method etc.

Some Standard Limits Formulas:

n n
X —da n-1

1) lim =na

xX—a xXxX—Aa

2) lim [1+1j =e
X—> 0 x

3) lim (1+x)i =e

x>0

4]
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4)

5)
6)
7)

8)

9)

10) lim

.oat -1
lim
x—0 X

X
.oe -1
lim
x>0 x

lim sin x=0
x—> 0

lim tan x=0
x>0

lim cosx=1
x—>0

. sinx
lim =1

x>0 x

tan x

=1
x>0 x

=log, a

=log, e=1

Some Solved Problems:

Q.1.

Sol.

Q.2.

Sol.

Q.3.

Sol.

Q.4.

Sol.

Q.5.

Sol.

Evaluate lim (1+2x+x?),

x>0

x>0

Evaluate lim (1+ x+x? +x3).

x— -1

x— -1

Evaluate lim
x— 2

1+2x2
3x

lim

x=>2 3x

3(2)

2

. X —
Evaluate lim

x—>3

lim
i3 5 5 5
3
. +6
Evaluate lim X
x=>-1 x+1

6

5

lim

x> x+1

—1+1

0

6

2 2 _
-9 39 99 0_,

142x° 142(2) 148 9

0

fim (1+2.x+x7)=1+2(0)+(0)* =1+0+0=1

fim (14 x+x2 +x° )21+ (c )+ (1P + (1P =1=1+1-1=0

1.5

*+6 (-1)+6 -1+6 5
= = =—=00

5]
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Q.6.

Sol.

Q.7.

Sol.

Q.8.

Sol.

Q.9.

Sol.

Q.10.

Sol.

3
.ox =8
Evaluate lim .
x>2 x+2

x*-8 2°-8 8-8 0_

im = = 0
x=>2 x+2 242 4 4

x2+1

Evaluate lim
x—>1 x—

X2+l 1741

. 2
llm = =—=00
=1l x=1 1-1 O

. X +4x*—T7x-8
Evaluate lim .
x>0 x+4

3 2 3 2
o X4 —7x—8:(0) +4(0) —7(0)—82—_8:_2
x>0 x+4 0+4 4

3
.oXxXT =
Evaluate lim
x=>2 x—

. x’-8 2°-8 8-8 0

lim = = =—

x>2x=2 2-2 2-2 0
3 8 x3_23

=lim (x2 +2? +2x)

x—2
=22+42242(2)
=4+4+4=12

2
Evaluate lim X -2 .
x—>5 x-—5

. x?=25 57-25 25-25 0
lim = = =—
x>5 x—5 5-5 5-5 0

[% formj

By factorization method

0
(6 formj
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. x*=25 . x*-5?
lim =lim
x5 x-5 x>5 x-—5

lim (x—S)(x+5)

By factorization method

x> 5 x—5
zlims(x+ 5)
=5+5=10
4_
Q.11. Evaluate lim > 20 .
x—>4 x—4
. x*=256 4*-256 256-256 0 0
Sol. lim = = =— — form
x4 x—4 4-4 4-4 0 0
Cox*t-256 . x*-4*
lim = lim

x—> 4 x—4 x—> 4 x—4

 lim (x2 —42)(x2 +42)
x—>4 x—4

By factorization method

(x—4)(x < 4)()62 +42)

= lim
x— 4 x—4
BT 2 2
—}1_13(x+4)(x +4 )
S(4+4)(42+42)
=8x%x32 =256
. x-3
Q.12. Evaluate lim >
x%3x _9
x—-3 3-3 3-3 0 0
Sol. = = = = form
i>3x2-9 32-9 9-9 0 (of j
x-3

lim =3 lim
T ao3x2-9 xo3(x-3)(x+3)

=lim —— By factorization method
x—>3 (x+3)

_ 1
3+3 6
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2
Q.13. Evaluate limx2+—x2'
x> 1x —4x+3

o xP+x=2  1*41-2 141-2 0 0
Sol. lim > == = - = form
olx?—4x+3 17-4(1)+3 1-4+3 0

Coxt4x-=2 o oxt42x-x-2
. lim > =1lim >
o lx® —4x+3 o lx"-3x—x+3

x(x+2)-1(x+2)

By factorization method

im (x+2)(x—1)
x> 1 (x—3)(x—1)
i (x+2) _ (1+2) _ 3
=1 (x=3) (1-3) 2
2
Q.14. Evaluate limw.
x—> 2 X _4
2 2
Sol.  lim * +25x+6=2 +25(2)+6
x>2 x2o4 22 -4
_4+10+6 _2_0_OO
4-4 0
x> -9
Q.15. Evaluate lim .
>3x"=4x+6
2 2
Sol. lim —~ > =39
>3x? —4x+6 37-4(3)+6
.99 _0_
9-124+6 3
3
Q.16. Evaluate lim x
x=>-1 x+1
3 1P _
sol.  qim LoDl 1+l 0 [gformj
x> -1 x+1 —-1+1 0 0 0




[Applied Mathematics-I1, 220022] | Ravi

Bansal

3 2
lim =~ +1= lim (x+1)(x —x+1)
x>-1 x+]1 x->-1 x+1

= lim (x2 —x+1)

x— -1

By factorization method

= (1P =(=1) +1=1+1+1=3

Q.17. Evaluate lim \/;_\/5

x->3 x-=3

(% form]

3 - lim3 2 2
X xX— x— _
(*/;) (ﬁ) By factorization method
= lim Vo3

1 1 1
=3 (Vra3) V343 243
Cox -1
Q.18. Evaluate lim
x> 1 x—1
3 3
Sol. lim = 1—1 1—9 (gformj
x>1x=1"1-1 0 0
3 h 2
limlx 1_ irnl(x 1)(x +x+1)
x> 1 x— x—

x=1 By factorization method
=lim (x2 +x+1)

x—1

=1 +1+1=1+1+1=3

3
x’ =

Q.19. Evaluate lim .
x=>2 x—2

3 3 _
Sol. lim = 8 = 2 -8 _8-8 0 9form
x>2 x=2 2-2 2-2 0 0
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by lim A =na""", where a=2&n=3}
x—>a xX—a

2 —
Q.20. Evaluate lim X =23 .
x—>5 x—95

2 2 _
Sol. lim X -2 = > =25 = 25-25 =9 9form
x5 x=5 5-5 0 0

4
. -81
Q.21. Evaluate lim x -8

x—3 x=3

4 4 _
sol. i ¥ =81 3'-81_81-81 0

0
- - N — jorm
>3 x=3  3-3 0 0 (of j
4 4 4
o tim 2 X2 (3 <108
x—=3 x—=3 x—=3 x=3

by lim Al =na""", where a=3&n=4}
x>a x—d

3
Q.22. Evaluate lirnx 64

x4 x—4

3 _ 3 _
sol.  fimXo64_4 -64_64-64_0 © o
s>4 x—4  4-4 0 0

3 3_43
. -64 . -4
. lim = 0 = lim = =3x(4)* =48
x—>4 x—4 x—>4 x—4

—a »
=na"" ,where a=4 & n=3
X—a x—a

2
Q.23. Evaluate lim s 1.

x> -1 x+1

10
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2 1) _ _
Sol. lim = 1=(1)—1=u=9 (gformj
x> -1 x+1 -1+1 0 0 0
2 2 ()2
lim TN ) —2x(=1)' =2
x—=-1 x+ x— -1 x—(—l)
by lim A =na""" where a=—1&n=2}
x—>a xX—a
Q.24. Evaluate 1im‘/;_*6.
x—>2 x=2
- Jx=V2 V242 0 0
SOI. hm = =— —form
=>2 x-2 -2 0 0
N I BN T SN S
. lim =lim =—x(2)2 ' ==x(2) 7 =—=
x>2 x=2 2 x-2 2 2 242

by lim Y g =na"", where a=2&n=%}

o1
3_53

Q.25. Evaluate lim al
x=>5 x—
r 1 L
3_53 3._53 0
Sol. lim = > = > X (—formj
x>5 x=5 5-5 0 0

by lim rd =na""", where a=5&n=%}

Q.26. Evaluate lim (sin x +cos x).

x—> 0

Sol. lim (sin x + cos x)=sin 0+ cos 0=0+1=1

x—>0

Q.27. Evaluate lim (sin x —cos x).

x> =
2

11|



[Applied Mathematics-I1, 220022] | Ravi
Bansal

Sol. lim (sinx—cosx)zsin%—cos%zl—O:l

s
x> =

Q.28. Evaluate lim (2sin x—4cosx+3tanx).

x—> 0

Sol. lim (2sin x—4cos x+3tan x)=2sin 0—4cos 0+3tan 0= (2x 0)— (4 x 1)+ (3x 0)=—4

x—>0

Q.29. Evaluate lim sin 5x .
x>0 6Xx
Sol lim sin5x _sin(5x0) _sin(0) 0 [gformj
" x50 6x 6x0 0 0 0
lim s1n5x:1irn sin 5x Ezlxgzi {by limsmle}
x—>0 6x x—>0 Sx 6 6 6 x>0 x

Q.30. Evaluate lim

x> 08in 2x
. 4 4
Sol. lim .x =— all = _0 _y (gformj
x—>0sin 2x s1n(2x0) sm(O) 0 0
4 4 4 . si
Clim — fime 2% gy 24X 4, [by hmsmle}
x> 0sin2x x—0SIn2x x>01x2x 2 x>0 x
x2x
2x
Q.31. Evaluate lim idia.
x>0 X
Sol. i SinX _sin0° 0 gform
x>0 x 0 0 0
sin x° sinx”  x° x° %0 7
lim = lim x X = lim = |jm — 180 _ 7
x—> 0 X x—>0 x° X x>0 x x—> 0 X 180
by lim 22 1 gng 1 =227
x>0 x 180

tan 6x

Q.32. Evaluate lim
x>0 3x

sol. lim tan 6x _ tan(6 X 0) _ tan(0) _0 gform
x>0 3x 3x0 0 0 0

12
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g BOX_ py, 00X, 6, 0, [by limtanx=1}
x>0 3x x—>0 6x 3 3 x—0 x
. sinx?
Q.33. Evaluate lim
x>0 Sx
. 2 . 2 .
sol lim S _sm(O )_sm(O)_g (gformj
T xs0 5x 0 5%0 0 0 0

H 2 . 2 2 2 .
lim 20 :1im{smx xx—}:lxlimx—zlimzzgzo [by limsmle}
x—>0 Sx x>0 x2 5x x>05x x>05 5§ x>0 x

Q.34. Evaluate lim

x>0 tan 3x
Sol. lim ox = 90 = 0 =9 (gformj
s~>0tan3x tan(3x0) tan(0) 0 0
.t
Clim im0 im0 3 [by lim anx=1}
x—>0tan3x x— 0 tan3x x—>0]lx3x 3 x—=0 x
x3x
3x
sin px

Q.35. Evaluate lim .
x— 0 tan gx

Sol.  lim SnPE_sin(px0)_sin(0) 0
x>0 tan gx tan(q ><0) tan(O) 0

sin px
i 9’ Ixpx
- lim smpx:limo tpx = lim P =1imO£=£
x> 0tangx  x— anqqux x— lqu >0g ¢
qx
[by | s1nx:1 &1 tanle}
x>0 x x=>0 x
Q.36. Evaluate lim tz‘m 4x .
x>0 8in 2x
Sol.  lim {an4x _tan(4x0) _tan(0) 0 [9 formj
x—0sin 2x s1n(2x0) sm(O) 0

13
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tan 4x 4
xax Ix4x 4

tan 4 . . .
o lim 22 iy 4 = lim — lim =2
x>0sin2x x>0 sin2x x>0]x2x x-502
5 x2x
X

[by lim 3 1 & fim ta“:l}

x—>0 Xx x—>0 Xx

Q.37. Evaluate lim tz‘m Ax

x— 0 sin Bx

Sol. lim te.ln Ax _ tz'm(A X 0) _ ta.ln(O)
x— 0 sin Bx s1n(B X 0) sm(O)

tanAxxA

. tanAx . Ax Y Ixdx . A
. lim — = lim — = lim

x—>0gsin Bx x—0 sin Bx x=>0]lx Bx
——xBx

Bx

. sin8
Q.38. Evaluate lim S1n OX .
x—>0 X

Sol. i Sin8x _sin(8x0) _sin(0) 0 (g formj
=0 x 0 0 0 0

sin 8x sin 8x { by lim sinx _ 1}

lim = lim x8=1x8=8
x>0 x x>0 8x

Q.39. Evaluate lim M.

x—>0 X

Sol.  lim sin 3x—tan 2x _ sin(3 x 0):)tan(2 x0) :% [9 formj
xX—> X

lim —— =1lim

x—=>0 X x—=>0

sin3x—tan2x sin3x tan2x
X X

_lim | S35 N2X ol 3 Ix2=3_2=1
x—>0| 3x 2x

[by lim 30X | g fjm 0 =1}

x—=>0 Xx x—=>0 x

14
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Q40. Evaluate lim 203%
x>0 2y
Sol. lim tan3x=tan(3><0)=tan(0)=9 [gformj
=0 2x*  2(0) 0 0 0
.t
. hmtan3x=limtan3xx 3% =1><limi= 3 =§= by lim anx:1
x—=>0 2x2 x—>0 3x 2x2 x—=>02x 2x0 O x—=0 x
Q.41. Evaluate limw
x>0 2x
Sol. lim tan4x+2x:tan(4><O)+(2><O):0+0:9 (gformj
x>0 2x (2x0) 0 0
tandx+2x . |tandx 2x . tan4x
m = lim +— | =lim x2 [+1
x>0 X x=>0| 2x 2x x>0 4x
.t
=(1x2)+1=2+1=3 [by lim anle}
x>0 x
Q.42. Evaluate 1imw
x—=>0 4
Sol. lim 2smx—tan2x=2s1n0—tan0=(2><0)—0=9=0
x>0 4 4 4 4
Q43. Evaluate lim S oSm %
x— 08in 6x + 2x
Sol. . 3.x+s1n5x=3.(0)+sm0:0+0:9 (gformj
x> 0sin6x+2x sin0+2(0) 0+0 0

3x+sin5x
3x+sin5x . X
. lim — =lim —
x> 0'8in 6x + 2x x%O(sm6x+2xJ

X

(Divided numerator & denominator by 'x'

3l+sin5x 34 sin5x><5
Cm XX 5x _3+(1x5) 8
x—>os1n6x+ﬁ x—>0[s1n6xx6j+2 (1x6)+2 8
x x

6x

15
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. sin4x-—
Q.44. Evaluate l1m#.
x=>06x—sin3x

Sol. tim sin4x—x _sin0-0_0-0 0 (—formj

x> 06x—sin3x 0—sin0 0-0 0

sin4x—x
sin4x—x . X

. lim - = lim -
x>06x—sin3x x— 0(6x—s1n3xj

X

(Divided numerator & denominator by 'x")

sin4x  x [SH; xx4j_1 1 Y
=lim —*—* = lim x. =— —="=]
x>06x sin3x x>0 sin 3x 6-3 3
—= 6— x3
X X 3x
. .a' -1
Questions based on hm0 =log, a:
x—> X
Q.45. Evaluate lim =——
x>0 x
x _ 0 _ _
sol. fm2—t-2-1 110 9 form
x>0y 0 0 0 0
.21
lim =log, 2 (here a=2)
x>0 x
Q.46. Evaluate lim5 _1.
x>0 x
x _ (U _
sol. fm>—-3 -1 1710 (Qformj
x>0 x 0 0 o0 0
.51
lim =log, 5 (here a=5)
x—=>0 x

X

Q.47. Evaluate lim
x=>0 x

16
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X _ 0 _ _
Sol. lim7 71 1210 [gformj
150 X 0 0 0 0
AR
lim =log, 7 (here a=17)
x>0 x
Q.48. Evaluate 1im3 2 .
x=>0 X
X _nx 0_~»0 _
Sol. lim3 2 3-2 11O [gformj
>0 x 0 0 o 0
L S L U5 o S ) )
x—> 0 X x—> 0 X x—>0 X
. Ms”—l] [2"—1”
= lim -
x—=>0 X X
3 a
=log, 3—-log, 2=log, 5 . log, a—log, b=log, 3
Q.49. Evaluate lim —
x=>0 X
X _Ax 0_~0 _
Sol. lim5 ! =5 l =u=9 [gformj
10 x 0 0 0 0
N L AN L U Eo A | o s
x>0 X x>0 X x>0 X
= lim -
x—0 X X
5 a
=log, 5—log, 7=log, 1 . log, a—log, b=log, 3
Q.50. Evaluate lim2 =3 .
x—>0 X
X _gx 0_¢0 _
Sol. lim2 > =2 > =u=9 (gformj
x>0 x 0 0 0 0
A A ) U Eor AN e | o i)
x—> 0 X x—> 0 X x—>0 X

17
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= lim -
x—=>0 X X
2 a
=log, 2—-log, 5=log, 35 [ log, a—log, b=log, Zj
Q.51. Evaluate lim ——
x>0 sinx
X _Qx 0 _ 170 _
Sol. lim4. 3 =4_ 3 =u=9 (gformj
x>0 sinx sin 0 0 0 0
i 473 413 (a7 -1)-(*-1)
x>0 sinx x>0 SInx x—>0 Ixx
x
= lim -
x—>0 X X
4 a
=log, 4-log, 3=log, B\ [ log, a—log, b=log, Zj
Q.52. Evaluate lim5 -3 .
x>0 tanx
X _Ax 0_ 170 .
Sol. lim5 3 =5 3 =u=9 (gformj
x>0 tanx tan 0 0 0 0
T A ) ) o A ) )
x>0 tanx x>0 tanx x—>0 Ixx
X X
X
= lim -
x—>0 X X
5 a
=log, 5—log, 3=log, 3 [ log, a—log, b=log, Zj
Q.53. Evaluate lim 2 —4
x—>0 X
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=log, p—log, g=log, s ( log, a—log, b=log, %j

Q.54. Evaluate lim a_ -

x=>0hHh" -1

0 0
Sol. lim = =—=— — form
—>0p -1 p°—1 1-1 0 (Of j

(Divided numerator & denominator by 'x")

_log,a
log, b
Q.55. Evaluate lim 2 -1 .
x—>03% 1
x 0 _ <
sol. lime—1-2-1 1710 (Qformj
=03 =1 3°-1 1-1 0 0
)
N X
lim 2 = lim
x—> 0 3x 1 x>0 3" -1
X
(Divided numerator & denominator by 'x")
_log,2
log, 3
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Q.56. Evaluate lim

0 0
SO|. lim == =_— — form
x>05% -1 5°-1 1-1 0 (Of j

(Divided numerator & denominator by 'x")

_log, 7
log, 5
.2 -
Q.57. Evaluate lim ——.
x>0 sin x
J— 0 p—
Sol. lim 2 1 2 1=—1=9 (gformj
x>0sinx sin0 0 0

X

lim = lim
x=>08inx x—0

/ﬁ

X 1]
smx)

7 N\

(Divided numerator & denominator by 'x")

_log, 2

=log, 2

e

tan x _1

Q.58. Evaluate lim
x>0 tanx

a™ -1 a"™° -1 a"-1 1-1

Sol. lim = = =—=9 [9 formj
x>0 tanx tan 0 0 0 0 0
tan x _
. lim =log, a
x>0 tanx g
(Becausetanx > 0asx — 0)
sin x 1

Q.59. Evaluate lim ¢

x—>0 X
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sinx _ sin0 __ 0 _ _
Sol. 1m1e 1=e 1=e 1=l—l=9 [gﬁwmj
x>0 X 0 0 0 0 0
esmx _ esinx 1 sin x
lim =lim X
x—> 0 X x—>0 sSin x X
= log, ex1 = 1x1=1 (~clog, e=1)
x2 1
Q.60. Evaluate lim ~—— .
x>0 xtan x

2

e’ =1 Y1 -1 1-1

. 0 0
fim ¢ L€V 1 o1 1ol 0 2 form
x>0xtanx Oxtan0 0 0 0 0

X2 x? 2
.oet =1 . e’ —1 X
lim = lim X

Sol.

x>0xtanx x—0[ x Xtan x

= log, ex lim = 1x lim =1 («clog,e=1)

x—> 0 x tan x x— 0 tan x
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1.2 Differentiation by First Principle

Increment: Increment is the quantity by which the value of variable changes. It may be positive or
negative. e.g. suppose the value of a variable x changes from 5 to 5.3 then 0.3 is the increment in
x . Similarly, if the value of variable x changes from 5 to 4.5 then -0.5 is the increment in x.

Usually o x represents the increment in x, ¢ yrepresents the increment in y, Jzrepresents the

incrementin z etc.

Derivative or Differential Co-efficient: If y is a function of x. Let 6 x be the increment in x and

.0
0y be the corresponding increment in y, then 511m0 §_y (ifit exists) is called the derivative or
xX—> X

differential co-efficient of y with respect to x and is dented by Z—y

X

4y _ fim Y
dx x>0 5x

First Principle Method of Differentiation:

Let y=r(x) (1)
Let o x betheincrementin x and J y be the corresponding incrementin y, then
y+8y=f(x+5x) (2)
Subtracting equation (1) from equation (2), we get
y+8y=y=[lx+8x)-f(x)
= Sy =flx+5x)-f(x)

Dividing both sides by ¢ x , we get

Sy _flx+8x)-/(x)
dx ox

Taking limit 6 x — 0 on both sides, we get

i 88 _ o SE+8x)-f ()

Sx>05x Sx—0 OX

If this limit exists, we write it as
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where f'(x) = lim S+ 6x)= /() .

§x—0 oxX
This is called the differentiation or derivative of the function f(x) with respect to x.

Notations: The first order derivative of the function f(x) with respect to x can be represented in

the following ways:

d df
U)o () fil) et

Similarly, the first order derivative of y with respectto x can be represented as:

dy
—, ", etc.
dx Y N

Physical Interpretation of Derivatives:

Let the variable ¢ represents the time and the function f(t) represents the distance travelled in

time ¢.

Distance travelled
We know that Speed = —————

Time taken

If time interval is between 'a' & 'a+ h'. Here i be increment in a . Then the speed in that interval

is given by

Distance travelled upto time (a+h)— Distance travelled upto time (a)

leng of time interval

fla+h)-fla) fla+n)-f(a)

at+h—a h

fla+h)-f(a)
h

If we take 4 — 0then approaches the speed at time f=a. Thus we can say that

derivative is related in the similar way as speed is related to the distance travelled by a moving
particle.

Q.1. Differentiate x™ with respect to x by First Principle Method.
Ans. Llet y=x" (1)

Let o x betheincrementin x and & y be the corresponding incrementin y, then
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y+8y=(x+5x)" (2)
Subtracting equation (1) from equation (2), we get
y+8y—y=(x+8x) —x"
_1 n-2 5 2
= oy ={x” +nx”'15x+n(n ));' (6x) +..1—x”
_1 n-2 5 2
= 5y:nx”’15x+n(n ));' (6x) +
Dividing both sides by ¢ x , we get
n(n—-1)x"2(5x)
5 nx""'ox+ ( )2' ( ) +... ( 1) e g
_y = . znxn—l + n\n X X +
ox ox 2!
Taking limit 6 x — 0 on both sides, we get
.0 . _ —-1)x" 2?06
lim 22 = lim | nx" 1+n(n )x x+_'}
5x>0 5 x x>0 2!
d
= Ayt
dx
d
Hence —(x”)zn)c”'1
dx
Q.2. Differentiate sin x with respect to x by First Principle Method.
Ans. let y=sinx (1)
Let & x be theincrementin x and J y be the corresponding incrementin y, then
y+38 y=sin(x+5x) (2)

Subtracting equation (1) from equation (2), we get

y+5y—y=sin(x+§x)—sinx

X+0x+x) . (x+0x—x
= oy =2cos - sin —
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= dy =2cos 2x+ox sin ox
2 2
Dividing both sides by 6 x , we get
2x+0x) . (Ox
2cos sin| —
%y _ 2 2
ox ox
Taking limit 6 x — 0 on both sides, we get
2x+0x) . (Ox
s 2cos ) sin Y
lim 22 = lim
5x>0 S 5x x>0 Ox
i 2x+0x) . (O0x
4 2cos 2 sin BN
- Y im
dx 06x-0 (5_};)
270 2%
L 2
. [Ox
sin| —
dy 2x+0x 2
= —=— = lim | cos
dx 06x-0 2 @
i 2
2
N dy _ co X+0Xx |
dx x>0 2
dy (2x+ ]
= —— =Cos =COoSX
X
d ;.
Hence —(sm x)=cos X .
X
Q.3. Differentiate cos x with respect to x by First Principle Method.
Ans. let y=cosx (1)
Let o x betheincrementin x and J y be the corresponding incrementin y, then
y+8 y=cos(x+5x) (2)
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Subtracting equation (1) from equation (2), we get

y+5y—y=cos(x+5x)—cosx

. (x+5x+xj . (x+5x—x}
= Oy =—=2sin| ——— | sin| ——
2 2
= oy =—2sin(2x;5xj sin(%}

Dividing both sides by 6 x , we get

. (2x+5xj . (5}6)
—2sin sin| —
oy 2 2

ox

ox

Taking limit 6 x - 0 on both sides, we get

tim 22— lim
ox—0 5x ox—0
d
- 2V _ im
dx Sx—>0
d v
= Y _fim |-
dx Sx—>0
d
- Y _ lim
dx Sx—0
d
= Y _ _sin
dx

. (2x+5x] . (5x]
—2sin sin| —
2 2

ox

d :
Hence d—(cosx)z—smx .

X
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Q.4. Differentiate e* with respect to x by First Principle Method.
Ans. Llet y=e¢" (1)
Let o x be theincrementin x and J y be the corresponding increment in y, then
y+5y:ex+6x (2)

Subtracting equation (1) from equation (2), we get
Y18 y—y=e Ot et

= oy =e" (eéx—l)

Dividing both sides by ¢ x , we get

Q_e" (e‘s"—l)
Sx  Ox

Taking limit 6 x = 0 on both sides, we get

lim Q = lim {M}

Sx—0 §x Sx—0 §x

= ?zexxlogeezexxlze"

Hence i(e’“ ) =e' .

1.3 Differentiation of Sum, Product and Quotient

AND

2.1 Differentiation of trigonometric functions, inverse trigonometric functions,
Logarithmic differentiation, successive differentiation (upto 2nd order)

Basic Properties of Differentiation:
If f(x) are g(x) differentiable functions, then

d

d—(K):O where K is some constant.
b

(i)
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(ii)

(iiif)

(iv)

(v)

(vi)

i(K.f(x))zK.di(f(x)) where K is some constant.
X

d
—[f(x)+g(x) ]— (f(x))+—(g(x))
[f(x) g(x) ]— (f( )) (g(x))

d
E[f()f)-g(x) = f(x)-ﬂ(g(xmg(X)-E(f(X))

This property is known as Product Rule of differentiation.

} 8@ (1)-/ @) 5 ()

d | f() ;
— = provided that g(x) # 0
{ (g()) N\

g(x)

This property is known as Quotient Rule of differentiation.

Some Basic Formulas of Differentiation:

(i)

(i)

(iii)

(iv)

(v)

Q.1.

Sol.

Q.2.

Sol.

d
dx

d
—\a* )=a" log, a here a>0 & a#l
la)=attog,

%(e" )=e" log, e =¢"

4 (log, x)=
X X

d 1
—(loga x)=—log, e
X X
Differentiate y=x'" with respect to x.

Given that y=x"

Differentiating it with respect to x, we get

%=%(x10)=10x9

Differentiate y=\/; with respect to x.

Given that y= Jx

—(x” ):nx”’1 this is known as power formula, here »n is any real number.
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Differentiating it with respect to x, we get

1 1

dy _d (\_4d | 5|_1 57
dx_dx(\/;)_dx[ J_zx

1
Q.3. Differentiate y=x3 with respect to x.

1
Sol.  Giventhat y=x3

Differentiating it with respect to x, we get

1 1
dy _d | 5|_15"
dx dx 3

1-3 2
R

1
==X
3

. . o
Q.4. Differentiate y=— with respect to x.

Y

. 1
Given that y=—

NS

Differentiating it with respect to x, we get

Sol.

Q.5. Differentiate y=5—x° with respect to x.

Sol. Given that y=5-x°

Differentiating it with respect to x, we get
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Q.6. Differentiatey=x_5 with respect to x.

5
Sol.  Giventhat y=x 2

Differentiating it with respect to x, we get

Q.7. Differentiateyzx/; —

\/_ with respectto x.
X

1
Sol. Given that y=\/_——
Jx
Differentiating it with respect to x, we get
dy _df L) d ()2 (L
dx dx Jx) o dx dx\Jx
1 1 1 1
_d | 5|4 ¥ 2 1x21_(_ljx21
dx dx 2 2
1 3
1,15
2
Q.8.

Differentiate y=2—x+3 x> with respect to x.

Sol. Given that y =2—x+3x?

Differentiating it with respect to x, we get

e T S SLE I
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=0-1+3(2x)=-1+6x
Q9. Differentiate y=(x+3)* with respectto x.

Sol.  Given that y:(x+3)2 =x"+9+6x

Differentiating it with respect to x, we get

D2 r9v6 () L0+ L (o)

=2x+0+6=2x+6
Q.10. Differentiate y=(x+3)(x—1) with respect to x.
Sol.  Giventhat y=(x+3)(x—1)= x> ~x+3x-3=x"+2x-3

Differentiating it with respect to x, we get

% - —x(x2 +2x—3)=—x(x2)+%(2x) —%(3)
=2x+2(1)-0=2x+2
Q.11. Differentiate y=e".a* +2x’ —logx with respectto x.
Sol.  Giventhat y=e*.a* +2x  ~logx=(ea)’ +2x° —logx
Differentiating it with respect to x, we get
Z_«: - %((ea)x Loy _1ogx):%(ea)x +2%(x3 )_%(mgx)

= (ea)® loge(ea)+2(3x2 )—l= (ea)" log,(ea)+6x> 1
x x

[ Note that if base of log is not given then it is supposed to be log with base ‘e’ ]
Q.12. Differentiate y=(3t2 - 9)2’ with respect to ¢.
Sol.  Given that y:(Bt2 - 9)2’

Differentiating it with respect to ¢, we get

%:%((3% —9)2' )= (32 —9)%(2’)+2’.%(3t2 ~9)
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(32 —9)2" log, 2+2".(3x 2 - 0)
(32 —9)2" .log, 2+2".61
=2'{(3¢> ~9)log, 2+ 61 }

X247

Q.13. Differentiate y=

with respect to x.

x*+7 x* 7 B
=—+—=x+7x
X X X

Sol. Given that y=

Differentiating it with respect to x, we get

=1+7(-1)x"" =1-7x72

Some Basic Formulas of Differentiation of Trigonometric and Inverse Trigonometric Functions :

(i) i(sin x)=cosx
X

(ii) di(cosx)z—sinx

X
(iii) i(tan x)=sec? x
dx
. d
(iv) —(sec x):secxtanx
dx
(v) —(cot x)=— cosec’x
dx
) d
(vi) —(cos ecx)=— cosecx cot x
dx

(vil) di(sin-‘ -

i) £-{eos " x)-

(ix) di(tan"1 x)=

(x) di(cot’1 x):
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(xi) %(sec’1 x):;

(xii) %(cos ec"lx):

-1
|x Nxz -1
Q.16. Differentiate y=sinx—e” +2" with respectto x.

Sol.  Giventhat y=sinx—e* +2"

Differentiating it with respect to x, we get

Tos %(sinx—ex +2x)=%(5inx)_%(ex )+%(2x)

=cosx—e" +2" log, 2
Q.17. Differentiate y=2logx—5secx with respectto x.
Sol. Given that y= 2logx—5secx

Differentiating it with respect to x, we get

= %(21ogx—5secx)=2%(10gx)—5%(secx)

2
= ——5secxtanx
X

Q.18. Differentiate y=5sin™" x with respect to x.

Sol.  Given that y=5sin"" x

Differentiating it with respect to x, we get

% = %(SSin’1 x)zS%(sin*l x)z —

Q.19. Differentiate y=cosx—tan' x with respectto x.

Sol. Given that y=cosx—tan~' x

Differentiating it with respect to x, we get
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E = % (cosx— tan ! x)=% (cos x)—% (tan"1 x)

= —sinx— >
1+x

Questions based on Product Rule:

Q.31. Differentiate y=xcosx with respectto x.
Sol.  Giventhat y=xcosx

Differentiating it with respect to x, we get

ﬂzi(xcosx)=x.—(cosx)+cosxﬂ
dx dx dx dx

=x.(—sin x)+cos x.1=—xsin x4 cos x
Q.32. Differentiate y= x” sin x with respectto x.

Sol. Given that y=x?sinx
Differentiating it with respect to x, we get

D2 i) LG x)sin e 2 ()

=x? cosx+sinx.2x=x cosx+2xsinx
Q.33. Differentiate y=sin x cos x with respectto x.
Sol."  Given that y=sinxcosx
Differentiating it with respect to x, we get

dy_d
dx dx dx dx

=sin x.(— sin x)+ cosx.(cosx)z— sin® x+cos” x
Q.34. Differentiate y= cosxlogx with respectto x.
Sol. Given that y=cosxlogx

Differentiating it with respect to x, we get

——(sin xcos x)=sin x.i (cos x)+cosx a (sinx)
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dy_4d —cosx- L
e dx(cosxlogx)—cosx. P (logx)+logx e (cosx)

1 . cosx
=cosx><_+1ogx><(— s1nx)=
x x

—logx.sinx

Q.35. Differentiate y= log x tan x with respectto x.
Sol. Given that y=log xtanx

Differentiating it with respect to x, we get

dy_i _ i i
i dx(logxtanx)—logx. e (tan x)+tanx T (logx)

tan x

1
:1ogx><(sec2 x)+tanx><—:logx.sec2 X+
X X

Q.36. Differentiate y= (2x+5)logx with respect to x.
Sol.  Given that y=(2x+5)logx

Differentiating it with respect to x, we get

dy_4d _ A L
e dx((2x+5)logx)—(2x+5).dx(logx)+logxdx(2x+5)

:(2x-|-5)><l+10gx><2:2x+5
X

+2logx

Q.38. Differentiate y :(t3 + 8)tan’l t with respectto ¢.

Sol. Given that y=(t3 + 8)tan‘1 t

Differentiating it with respect to ¢, we get

%z%«ﬁ + 8)tan"1 t)= (t3 + 8)%(tan"1 t)+ tan ' t.%(ﬁ + 8)

=(t3 +8)[

" ltz ]+tan_1 t.(3t2 +0)
+

£ +8

= e +3¢% tan~
+1

1

t

Questions based on Quotient Rule:
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Q.40. Differentiatey:w with respect to x.
X

Sol.  Giventhat y= S Y

X

Differentiating it with respect to x, we get

dx dx

d . . dx
. x.—— (sin x)—sin x. =~
dy d (smxj d x dx

2

X X

x.cosx—sinx.l xcosx—sinx
2 2

Q.41. Differentiate yzloﬁ with respect to x.
tan x

Sol. Given that y:loﬁ

tan x

Differentiating it with respect to x, we get

d d
tanx.—— (1 —logx.—(t
iy d [logx]_ an x dx(ng) 0g X dx(anx)

dx dx\tanx tan? x
tan x ) tan x —xlog x.sec” x
—log x.sec” x
X X
tan” x tan” x

tan x —x log x.sec” x

xtan’ x

2
+1
Q.42. Differentiate y= x. with respect to x.
Sin x

x*+1

Sol. Given that y=—
sin x

Differentiating it with respect to x, we get

X
dx dx| sinx

ﬂ:i["z"‘l] Sinx.%(x2+1)_(x2+1).di(sinx)

sin? x
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_sinx.2x—(x2 +1).cosx_2xsinx—(x2 +1)cosx

sin? x sin? x

Chain Rule: If f(x) and g(x) are two differentiable functions then

dx
So, we may generalize our basic formulas as:

(i) %((f(x))" )=n(f(x))""1 .f'(x) here n is any real number.

i) sin(f(x)=cos(£(x)./'(x) etc.

dx

Questions based on Chain Rule:

Q.20. Differentiate y=sin(2 x+1) with respectto x.
Sol.  Given that y=sin(2x+1)

Differentiating it with respect to x, we get

dr_4 4 _ |
dr dxsm(2x+1)—cos(2x+1).dx(2x+1)

:cos(Zx+1).(2><1+0):2cos(2x+1)

Logarithmic Differentiation :

Let f(x) and g(x) are two differentiable function and y = f(x)g(x)

To differentiate y, first we take logarithm of y:
log y =log(£(x)**)

log y = g(x)log(/(x)) (loga” =bloga)

Differentiating it with respect to x, we get

37



[Applied Mathematics-I1, 220022] | Ravi

Bansal

% (log y)=——(g(x)log(f(x)))

=g 50w £ () +1ox /() - e(v)

%%- g(x)fl—x)f'(x)ﬂogf(x)g'(x)
L2 ) 0 )

9 o) A o 1) )|

Questions based on Derivative of f(x)9™® or Logarithmic Differentiation :

Q.55.

Sol.

Differentiate y= x* with respectto x.
Given that y=x"
Taking logarithm on both sides, we get
log y=log x*
log y=xlogx

Differentiating it with respect to x, we get

%(bgy): %(xlog x)

lﬂzxi(logx)ﬂogxﬂ
ydx dx dx

lﬂ=x.—+logx.1
ydx X

(1ogab =bloga )
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ﬂ=xx (1+logx)
x

Q.56. Differentiate y= x*"* with respect to x.

Sol.  Given that y=x"""

Taking logarithm on both sides, we get
log y=1log x*"*

log y =sin x.log x

Differentiating it with respect to x, we get

%(Iogy)= %(sinx.log x)

lﬂ=sinxL(logx)ﬂogxi(sin x)
ydx X dx

1dy . 1
———=sinx.—+logx.cosx
ydx X

dy (sinx j
——=y | ——+logxcosx
dx X

d ; i
2 ( ﬂ+logxcosxj
x

Q.57.  Differentiate y = (cosx)" with respectto x.
Sol.  Given that y=(cosx)"
Taking logarithm on both sides, we get
log y=log (cos x)*
log y=xlog (cos x)

Differentiating it with respect to x, we get

%(log v)= %(x log(cos x))

loga”=bloga
( )

loga® =bloga
( )
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%%mc%(log(cosx))ﬂog(cosx)%
lﬂzx ! i(cosx)+log(cosx).l
ydx cosxdx
lﬂ=x ! (~sin x)+log(cos x)
ydx  cosx
Q:y (- xtan x +log(cos x))
dx
—y=(cos x)* (= xtan x+log(cos x))
X
Q.58. Differentiate y= x“*" with respect to x.
Sol.  Giventhat y=x""
Taking logarithm on both sides, we get
log y=log x“**
log y=cos x.log x (logab =b10ga)

Differentiating it with respect to x, we get

A (log y) = i(cosx.log x)
dx

dx
lﬂ:cosxL(logx)ﬂogxi(cosx)
ydx dx dx
lﬂ:cosx.1—+1ogx.(—sinx)
ydx X

ﬂ:y (w—logxsinxJ

dx X

—log xsin x]

szCOSx [ Cosx
dx X

COS X

Q.59. Differentiate y = (sin x)** with respect to x.
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COS x

Sol.  Given that y=(sin x)

Taking logarithm on both sides, we get

COS x

log y=1log (sin x)
10gy=cosxlog(sinx) (logab =b10ga)

Differentiating it with respect to x, we get

4 (logy)= i(cos xlog sin x))
dx dx

1dy =Ccosx i(log (sin x))+ log (sin x)i (cos x)
ydx dx dx

l—yzcosx.L i(sin x)+log(sinx).(— sinx)
ydx sinx d x

1 . .
——y=cotxcosx—s1nxlog(s1n x)
ydx

d—i;:y (cotxcosx—sin xlog (sin x))

4y _ (sin x)** (cot x cos x —sin x log (sin x))
x

Successive Differentiation or Higher Order Derivative:

Let y=f(x) be a differentiable function, then ay represents the first order derivative of y with

dx

respect to x. If we may further differentiate it i.e. j—[j—yJ ,then it is called second order
X X

derivative of y with respect to x.Some other way to represent second order derivative of y with

d2y
respectto x: , ", y,
dx? g

So, successive derivatives of y with respect to x can be represented as
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Q.64.

Ans.

Q.65.

Ans.

dzy
-

dx

If y=x®-12x> +5x*-12, find

Giventhat y=x*—-12x"+5x’ -12

Differentiating with respect to x , we get

d—y:i(x8 —12x°+5%° —12)
dx dx
= DY gy _60x* +15x
X

Again differentiating with respect to x , we get

2
47 _ 4 (537 —60x* +151°)
dx* dx
d*y
= —=56x°-240 x> +30x
dx
. Sx g dzy
If y=log(sin x)+e°*, find =
dx

Given that y=log(sin x)+e’*

Differentiating with respectto x , we get

4y _ 4 (1o0(si x
e (1og(sm x)+e )
= LW i(sinx)+565"

dx sinxdx

d COS X
= La - —t5e° = cotx+5e"
dx sinx

Again differentiating with respect to x , we get

d2
yzi(cotx+5e5")
dx* dx
2
= d i}=—coseczx+2565x
dx
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Q.66.

Ans.

If y:x3.e_2x, find

Giventhat y=x’.e"

2
d )2/ at x=3.

dx

2x

Differentiating with respect to x , we get

dy_ xSL(e_2X)+e_2x d (xz)

dx

d_y: x3(—26_2x)+e_2x (3 x2)

—L = 2xt e 43x e =(—2x3 +3x2)e_2x
dx

Again differentiating with respect to x , we get

Q.67.

Ans.

2
If y=tan~' x, prove that (1+x2)d Y42

d’y :i((—2x3 +3x2)e_2x)

dx* dx
Zﬂxf:(—2x3+3x2)%e‘2”+e”2x%(—2x3+3x2)
d*y ( 3 2 —2x —2x 2
e =|-2x " +3x )(—2e )+e (—6x +6x)
sz_(4x3—6x2—6x2+6x)e_2x

x
sz: (4x3 —-12x? +6x)e’2x

X

v _y.

X——=
dx® dx

Given that y=tan' x

Differentiating with respectto x , we get

d_y: d (tan"1 x)

dxa
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N dy__1
dx 1+x°
S e e
X

Again differentiating with respect to x , we get

(1+xz)i[d_yj+d_yi(1+xz)=i(l)

dx\dx dx dx dx

2
= (1+x2)d f+2xd—y=0
dx dx

2
Q.68. If y=sin Ax +cos Ax, prove that Z_);Jr Ay =0.
X

Ans.  Giventhat y=sin Ax +cos Ax

Differentiating with respect to x , we get

d d ;.
—y=—(s1nAx+cosAx)
dx dx
= d—yzAcosAx—AsinAx
X

Again differentiating with respect to x , we get

d./dy =L(AcosAx—AsinAx)
dx\dx) dx
d*? .
= ); =— A% sin Ax — A? cos Ax
dx
2
= d—J;=—A2 (sin Ax+cosAx)
dx
dzy 2
= =—4
dx? 4
d2y 2
= ——+ A4 =0
dx? 4

Q.69. If y=sin(msin_1 x), prove that (l—xz)y2 —xy,+m’y=0.
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Ans.  Given that y:sin(msin‘1 x)

Differentiating with respectto x , we get

d_y = i (sin (m sin ! x))

dx dx
= d—i/: cos (m sin”! x)%(m sin”! x)
= d_y: cos(msin’1 x) m
X 1-x?
= 1-x? d_y= mcos(msin_1 x)

Again differentiating with respect to x , we get

292 el )
S e 6 dyi(ﬁ)z—msin(msin_lx)di(msin_lx)

dx?> dxdx X

= NIt ny y s = =—msin (msin_l x)L2

1-—x 1—x

2 2
= ( l—xz) Z J; —x? =—m? sin (m sin”! x) (by multiplying /1 —x* on both sides)
X X

= (l—xz)y2—xyl :—mzy
= (1—)c2))/2—xy1 +m?y=0
Q.70. If y=¢ " ¥, prove that (1+x2)y2+(2x+A)yl:0.

Acot ~'x

Ans. Giventhat y=e

Differentiating with respect to x , we get
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= 4y _ e "—(Acot ! x)
dx X
N dy: Acot 'x -4
dx 1+ x?
= (1+x2)d_y: A Acot “'x
X
= 1+x2 )22 = g
)2
Again differentiating with respect to x , we get
d(dy) dy d ) d
1+x% ) —| == [+ —=——l+x? )= —(-4
( x)dx(dxj dxdx( x) dx( y)
2
= (1+x2)d y+2xd—y:— 4y
dx? dx dx
2
T i e
d x* dx dx
d’y dy
= 1+x7 +(2x+4)—==0
( X )dxz ( X )dx
= (1+x2)y2+(2x+A)y1=0
2.2 Applications of Differential Calculus
(a) Derivative as a Rate Measure:
. dy )
Let y be afunction of x, then d_ represents the rate of change of y with respectto x.
X

d d
If _y>0 then rate of change of y increases when xchanges and if d_y<0 then rate of change of
X x

y decreases when xchanges.

Some Important Points to Remember:

(i) Usually t, s, v and a are used to represent time, displacement, velocity and
acceleration respectively.
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(ii)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

Also v=ﬁ
dt

_dv_dzs dv

a=—-= =y.—
dt dt? ds

ds
If the particle moves in the direction of s increasing, then v=d—>0 and if the particle
t

ds
moves in the direction of s decreasing, then v:d—<0.
t

If a=0 then the particle is said to be moving with constant velocity and if a<0 then the

particle is said to have retardation.

d
if £220 then y is constant.
dx

d
If y=f(x) be a curve then d_y is said to be the slope of the curve. It is also
X

d
represented by m i.e. slope=m=d—y.
X

If » be the radius, 4 be the area and C be the circumference of the circle then
A=nr* & C=27r.

If » be the radius, S be the surface area and V' be the volume of the sphere then
S=4rr* & V=§7Z'l’3.

If » be the radius of base, & be the height, / be the slant length, S be the surface area
and ¥ be the volume of the cone then S=7zrl+7r* & V=§7zr2 h.

If a be the length of side, S be the surface area and V' be the volume of the cube then
S=6a> & V=a’.

Questions Related to Rate Measure:

Q.1.

Sol.

If y =x’+5x” —6x+7 and x increases at the rate of 3 units per minute, how fast is the

slope of the curve changes when x=2.

Let ¢ represents the time.

Given that y =x>+5x*—6x+7 (1.1)
d

and  Y-3 (1.2)
dt

Let m be the slope of the curve.
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Q.2.

Sol.

= m=di(x3 +5x2—6x+7) (used (1.1))
x

= m=3x>+10x-6
Differentiating it with respect to ¢, we get

dm_d (322 410x-6)
At di

dm

= = (6x+10)ﬂ

dt

- ‘;_’;1: (6x+10).3 (used (1.2))

M 18430 (1.3)
di

Put x=2 in (1.3), we get

dm) o 18(2)+30=36+30=66
dt ) _,
Hence the rate of slope of given curve increases 66 units per minute when x=2.

If y =5-3x*+2x" and x decreases at the rate of 6 units per seconds, how fast is the slope

of the curve changes when x=7.

Let ¢ represents the time.

Giventhat y =5-3x” +2x° (2.1)
and ﬂ=—6 (2.2)
dt

Let m be the slope of the curve.
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Q.3.

Sol.

Bansal
= m:i(5—3x2 +2x3) (used (2.1))
dx
= m=-6x+6x"
Differentiating it with respect to ¢, we get
d—mzi(—6x+6x2)
dt dt
= DM Cerin)dX
dt dt
dm
= = (-6+12x).(-6) (used (2.2))
am_ 36 72x (2.3)
dt

Put x=7 in (2.3), we get

[‘2—':’] = 36-72(7)=36-504=—468

=7
Hence the rate of slope of given curve decreases 468 units per second when x=7.

A particle is moving along a straight line such that the displacement s after time ¢ is given

by s=2¢* +¢+7.Find the velocity and acceleration at time =20 .
Let v be the velocity and a be the acceleration of the particle at time .
Given that the displacement of the particle is s=2¢*+¢+7

Differentiating it with respect to ¢, we get

%:%(2t2+t+7)

= v=4t+1 (3.1)
Again differentiating with respect to ¢, we get

dv d
—=——(4rt+1
dt dt( H)

= a=4 (3.2)
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Put #=20 in(3.1) and (3.2), we get
[V]z=20 :4(20)+1:81 & [a]t:ZO =4
Hence velocity of the particle is 20 and acceleration is 4 when ¢=20.

Q.4. If a particle is moving in a straight line such that the displacement s after time ¢ is given by

s=%vt, where v be the velocity of the particle. Prove that the acceleration a of the

particle is constant.

Sol. Given that the displacement of the particleis s =%vt

Differentiating it with respect to ¢, we get

ds d (1 J
—=—|—vt
dt dt\2

1| dt dv
= v=—| vV—+t—
21 dt dt
1 1 dv
= V= —Vv+—t—
2 2 dt
1 1 dv
= V-—vV=—f(—o
2 2 dt
v 1 dv
= —=—f—
2 2 dt
= v=ta

Again differentiating with respect to ¢, we get

dv d
E_dt(a)

dv da dt
=t +a

= - = — -
dt dt dt
a
= a=t—+a
dt
= td—a=0
dt
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Q.5.

Sol.

Q.6.

Sol.

Q.7.

da_,
dt

This shows that acceleration of the particle is always constant.

Find the rate of change per second of the area of the circle with respect to its radius » when

r=4cm..
Given that 7 be the radius of the circle.

Let 4 be the area of the circle.

A=rxr
Lddd
dr dr
= d—A=2ﬂr (5.1)
r

Put »=4 in (5.1), we get

d—A =27x4=8x
dr s

Hence the rate of change of area of the circle is 8 7 cm? /sec .

The radius of the circle increases at the rate 0.4cm/sec. What is the increase of its

circumference.

Let » be the radius and C be the circumference of the circle.

Given that ?:O.%’m/sec (6.1)
t

Now C=2rxr

ﬂ:i(27zr)
dt dt
= il—(;=27[d—::27r><0.4=0.87rcm/sec (used (6.1))

Hence circumference of the circle increases at the rate 0.8 7 cm/sec.

Find the rate of change of the volume of a ball with respect to its radius » .
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Sol.

Q.8.

Sol.

Q.9.

Sol.

Given that 7 be the radius of the ball.

Let 7 be the volume of the ball.

V=—rnr
3
dv d(4 3)
= —=—|—7xr
dr dr\3

d—V=i7r><3r2 =drzr’
dr 3

which is the required rate of change of the volume of a ball with respect to its radius r .
Find the rate of change of the surface area of a ball with respect to its radius r .
Given that r be the radius of the ball.

Let S be the surface area of the ball.

S=4rxr?
LS ()
dr dr
= ﬂ=47‘[><2}"=871'}"
dr

which is the required rate of change of the surface area of a ball with respect to its radius r .

Find the rate of change per second of the volume of a ball with respect to its radius » when

r=6cm.
Given that 7 be the radius of the ball.

Let 7 be the volume of the ball.

V=—rnr
3
dv d (4
= —=—\—=nxr
dr dr\3
= d—V=i7Z><3r2:47zr2 (9.1)
dr 3
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Q.10.

Sol.

Q.11.

Sol.

Put »=6 in (9.1), we get

(d—V] =47zx(6) =144z
dr r=6

Hence the rate of change of volume of the ball is 144 7 cm® /sec .

Find the rate of change per minute of the surface area of a ball with respect to its radius »
when r=9m.

Given that 7 be the radius of the ball.

Let S be the surface area of the ball.

S=4rxr?
= ﬂ:i(47zr2)
dr dr
= ﬂ=47r><2r=87rr (10.1)
dr

Put »=9 in (10.1), we get

ﬂ =8rx9=72r
dr r=9

Hence the rate of change of surface area of the ball is 72 7z m?* /min .

The radius of an air bubble increases at the rate of 2 cm/sec . At what rate is the volume of

the bubble increases when the radius is 5¢m ?

Let » be the radius, V' be the volume of the bubble and ¢ represents time.

So, by given statement ?=20m/sec (11.1)
t
and V=—rr
arv_d (4 s
dt dt\3
d_V:i,,X3r2X__4 Zﬂ
dt 3 dt
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(11.2)

(used (11.1))

Put »=5 in (11.2), we get

(d—V] =87x(5) =2007
dt r=5

Hence volume of the bubble increases at the rate 200z cm® /sec.

Q.12. Find the rate of change of the volume of the cone with respect to the radius of its base.

Sol. Let r be the radius of the base, 4 be the height and ¥ be the volume of the cone.

Vzlﬂ'l"zh
3

= dV—i(lﬂrz h]

dr dr\3
= d—V=lﬂhx2r=27rrh.
r 3

Q.13. Find the rate of change of the volume of the cone with respect to its height.

Sol. Let r be theradius of the base, 4 be the height and V' be the volume of the cone.

Vzlﬂ'l"zh
3

= ﬂ—i(lﬂ-rz h]

dh dh\3

v 1,
= —=—7r

dh 3

Q.14. Find the rate of change of the surface area of the cone with respect to the radius of its base.

Sol. Let r» be the radius of the base, [ be the slant length and S be the surface area of the
cone.

S=rri+zr’
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Q.15.

Sol.

= d—S=i(7rrl+7rr2)
dr dr
= ﬂ=71'l—i-7z><2r
-
= ﬂ=7zl+27rr.
dr

Sand is pouring from a pipe at the rate 10cc/sec. The falling sand forms a cone on the

ground in such a way that the height of the cone is always one-fifth of the radius of the base.
How fast the height of the sand cone increases when the heightis 6cm ?

Let r be the radius of the base, & be the height and V' be the volume of the cone at the
time ¢.

So, by given statement h=§ (15.1)

and Vzémﬂzh

= V:%;T(Sh)zh:?;ﬂﬁ (used(lS.l))
d_Vzi gﬂ;ﬁ =£ﬂx3h2ﬂ=25ﬂh2ﬁ (15.2)
dt dt\ 3 3 dt dt
. dv
Also, by given statement d—:lOcc/sec (15.3)
t

From (15.2) and (15.3), we get

257zh2ﬂ=10
dt
dh 10 2
dt 25xh Srh
When h=6cm, dh 2 !

dt sz 90x

Hence the rate of increases of height of the sand cone is cm/sec,when h=6cm.

90
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Q.16. The length of edges of a cube increases at the rate of 2 cm/sec . At what rate is the volume

Sol.

of the cube increases when the edge length is 1cm ?

Let a be the length of edge and V' be the volume of the cube at time ¢.

So, by given statement %=2cm/sec (16.1)
and V=a’
dVv d
L W)
dt dt
= d_V=3a2ﬂ
dt dt
D _ a2 (16.2)
dt

(used (16.1))

Put a=1 in (16.2), we get

Hence volume of the cube increases at the rate 6cm? /sec.

Q.17. The total revenue received from the sale of x units of a product is given by

Sol.

R(x)=6 x> +18x+20
Find the marginal revenue when x=10.
Given that R(x)=6x> +18x+20

Marginal revenue m(x) is given by

= m(x)z%(6x2+18x+20)

= m(x)=12x+18 (17.1)
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Put x=10 in (17.1), we get
m(10)=12(10)+18=138

Hence the marginal revenue is 138 when x=10.

(b) Maxima and Minima

Maximum Value of a Function & Point of Maxima: Let f (x) be a function defined on domain

DcR.Let a be any point of domain D . We say that f(x) has maximum value at «a if f(x)s f(a)

forall xe D and a is called the point of maxima.

eg. Llet fx)=—x>+5 forall xeR
Now x>0 forall xeR
-x*<0 forall xeR
-x>+5<5 forall xeR
ie. f(x)<5 forall xeR

Hence 5 is the maximum value of f(x) which is attained at x=0. Therefore x=0 is the point of

maxima.

Minimum Value of a Function & Point of Minima: Let f(x) be a function defined on domain

DcR.Llet a be any point of domain D . We say that f(x) has minimum value at a if f(x)z f(a)

forall xe D and a is called the point of minima.

e.g. Let f(x)z x? +8 forall xeR
Now x? >0 forall xeR

x’ +8=8 forall xeR
ie. f(x)=8 forall xeR

Hence 8 is the minimum value of f(x) which is attained at x=0. Therefore x=0 is the point of

minima.

Note: We can also attain points of maxima and minima & their corresponding maximum and
minimum value of a given function by differential calculus too.
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Working Rule to find points of maxima or minima or inflexion by Differential Calculus:

Step | Working Procedure

No.
Put y = f(x)
Find 4
dx
3 Put d—yzo and solve it for x.
dx
let x, , x, , ..., x, are the values of x.
4 2
Find d 7
dx’
5 d?y
Put the values of x in . Suppose x=x, be any value of x.
X2
2
If d f<0 at x=x, then x=x, is the point of maxima and f(x;) is the maximum value
dx
of f(x).
2
If d )2}>0 at x=x; then x=x, is the point of minima and f(x;) is minimum value of
dx
VACOR
2 3 3
If d Z:O at x=x,. Find 9 )3;.If d f;tO at x=x, then x=x, is the point of inflexion.
dx dx dx

Questions of Maxima and Minima:

Q.1. Find all the points of maxima and minima and the corresponding maximum and minimum

values of the function f(x)=x*-12x +5.
Sol.. Let y=f(x)=x-12x2+5

Differentiating it with respect to x, we get

ﬂ=i(x3 —12x? +5)
dx dx
Y 332 24y

x

Again differentiating with respect to x, we get

2
fo:%(mﬂ ~24x)
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2
Y _6y_24

7=

dx

Put Q:O, we get
dx

3x%-24x=0
3x(x—8)=0
Either x=0 or x—-8=0
Either x=0 or x=8

When x=0:

d*y
(dxz J . =(6x—24),_,=—24 <0

which shows that x=0is a point of maxima.
So maximum value of f(x)=x"-12x%+5 is

(7)o =(r* =125 +5)_, =5

When x=8:

2
d 21 =(6x-24),_ =6(8)-24=24>0
dx i

which shows that x=8 is a point of minima.

So minimum value of f(x)=x’-12x+5 is

(7)o =(x* —12x2 +5)_, =87 ~12(8) +5

=512-768+5=—-251

Q.2. Find all the points of maxima and minima and the corresponding maximum and minimum

values of the function f (x)=6x-27x”+36x +6.

Sol. Let y =f(x)=6x*-27x*+36x+6

Differentiating it with respect to x, we get
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9y _d (53 275 +36x+6)
dx dx

d
2 _18x2 —54x+36
X

Again differentiating with respect to x, we get

d*y d

dx2 =E

(182 —54x+36)

d2y

2:

36x—54

dx

Put ﬂ:0, we get
dx

18x% —54x+36=0
x> =3x+2=0
x*=2x-x+2=0
x(x=2)-1(x-2)=0
(x=1)(x-2)=0
Either x=1=0 or x-2=0
Either x=1 or x=2

When x=1:

2
(d ZJ ~(36x—54)_, =36-54=—18 <0
dx

=1
which shows that x=1is a point of maxima.
So maximum value of f(x)=6x>—27x*+36x+6 is

(7)o =(6x* —27x> +36x+6),_, =6-27+36+6=21

x=

When x=2:
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2
(d fj =(36x-54)_,=72-54=18 >0
dx

=2
which shows that x=2is a point of minima.

So minimum value of f(x)=6x>-27x%+36x +6 is

(7)., =(6x* —27x2 +36 x+6),_, =48-108+ 72+ 6=18

x=

Q.3. Find all the points of maxima and minima and the corresponding maximum and minimum
values of the function f (x)=-2x+6x> +18x~1.

Sol. Let y=f(x)=—2x3+6x2+18x—1

Differentiating it with respect to x, we get

4y _d () 6x 118x-1)
dx dx

4y 63 12x+18

dx

Again differentiating with respect to x, we get

2
Ty _ 4 (65 112x418)
dx? dx
2
d Y —12x+12
dx

Put d—y:O, we get
dx

—6x7 +12x+18=0
—6(x? —2x-3) =0
x*-2x-3=0

x> =3x+x-3=0
x(x=3)+1(x-3)=0

(x+1)(x-3)=0
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Either x+1=0 or x-3=0

Either x=—1 or x=3

When x=-1:

2
(d yj =(~12x+12),_, =12+12=24>0
dx’

x=-1

which shows that x=—11is a point of minima.
So minimum value of f(x)=-2x*+6x> +18x~1is
(), =22  +6x2 +18x-1)_,
=—2(=1) +6(=1)* +18(=1)-1
=2+6-18—-1=-11

When x=3:

2
(d f] —(~12x+12),_,=—36+12=-24 <0
dx

=3
which shows that x=3is a point of maxima.
So maximum value of f (x)==2x> +6x? +18x—1is
(1)ees =20 +6x> +18x-1),_,
=—2(3) +6(33)* +18(3)-1
=—54+54+54-1=53
Q.4. Find all the points of maxima and minima and the corresponding maximum and minimum
values of the function f (x)=sin x+cos x where Ost%.
Sol. Let y = f(x) =sin x+cos x
Differentiating it with respect to x, we get

ﬂzi(

sin x+cos x)
dx dx
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d .
2V _cosx—sinx
dx

Again differentiating with respect to x, we get

d? .

7 J;zd—(cosx—sm x)
X X

d? .

d i}:—smx—cosx
X

d
Put —y=0, we get
dx

cosx—sinx=0
cosx = sinx

COSX

- 1
sin x

cotx=1

T
cotx=cot—

as Oﬁxﬁﬁ
2
V4
x=—
4
When x=—:
d* . .
f =(— s1nx—cosx)x=g =—sm£—cos£
dx™ ) = 4 4 4
4

o 2

e R

which shows that x=z is a point of maxima.

So maximum value of f (x)=sin x +cos x is

(),

= (sin X+cos x)x=

_z i
4 4
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Q.5.

Sol.

. T T
=SIn—+CO0S—
4 4

Find all the points of maxima and minima and the corresponding maximum and minimum

1 1 2
= 4+ =__
N R
values of the function f (x)= log x if 0 <x<oo.
X
Let ¥ = flx) =08

X

Differentiating it with respect to x, we get

Q_L[log)j
dx dx\ «x

Y _ X
dx x’
dy 1-logx
dx x?

Again differentiating with respect to x, we get

d*y d (1—1ong

dx? :E x?

iy xz[O—lJ—(l—logx)(Zx)

X
2 4
dx X

d2y_—x—2x+2xlogx_—1—2+210gx_—3+21ogx

4 3
d x* X X

X

3
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X
1-1
X
1-logx=0
logx=1
x=e
When x=e:
d*y _(—3+210ng _—3+2loge
d x* e x? e e’
-3+2 -1
Ze—3=e—3< 0 (used logezl)

which shows that x=e is a point of maxima.

So maximum value of f(x)=10ﬁ is
X
log x loge 1
(y)x=e :[ g J = g = —
X ). e e

Q.6.  Find two positive numbers x & y such that x.y=16 and the sum x+ y is minimum. Also

find the minimum value of sum.

Sol.  Given that x.y=16 = =10
X
Let S=x+y SS=)C+E

X

Differentiating it with respect to x, we get

ds d ( 16)
—_——| x+_
dx dx X

ﬂ=1+16(—i2j=1—£

dx X x?

Again differentiating with respect to x, we get

65



[Applied Mathematics-I1, 220022] | Ravi
Bansal

d*s d 16)
= — 1——
dx*> dx x?2

2
Zf:o-m( 2}:%
X

Put d—S=0, we get
dx

16
1——2=0

x*-16=0
Either x=4 or x=—4
x=—4isrejected as x is positive.

When x=4:

d*s 32 32 32 1
=| —— =—=—=—>0
dx* ) ., \&' )., 4 64 2

which shows that x=4is a point of minima.

Now at x=4, value of y is:

D). -2

X )4 4
Also minimum value of sum S=x+y is
(S)x=4,y=4 :(x+y)x=4’y=4 =4+4=8

Q.7. Find the dimensions of the rectangle of given area 169 sq. c.m. whose perimeter is least.
Also find its perimeter.

Sol. Let the sides of the rectangle are x and y , A4 bethe areaand P be the perimeter.
169
= y=—
X

A=xy=169sq.c.m.
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And P=2(x+y) = P:Z(x+@j:2x+ﬁ

X X

Differentiating it with respect to x, we get

dP d ( 338}
—=— 2x+—
dx dx X

d—P=2+338(—lj=2—ﬁ
d 2

X X x2

Again differentiating with respect to x, we get

d*pP d 338)
=—|2-"=
dx? dx x2

d*p 2\ 676
- =0—338(——J=—

3 3
dx X X

Put d—P:O, we get
dx

338
2——220

2x%-338=0

x> =169

Either x=13 or x=-13

x=—13isrejected as x can’t be negative.

When x=13:

d>p 676 676 4
2 B == >0
dx* )y \x" )y (13 13

which shows that x=13is a point of minima.

Therefore, Perimeter is least at x=13.

67



[Applied Mathematics-I1, 220022] | Ravi
Bansal

Now at x=13, value of y is:

169 169
(y)x=13 ( X an 13

Also least value of perimeter P=2(x+ y) is

(P), i35 =2x+ 2y)X:13’y:13 =26+26=52cm.

Q.8. Show that among all the rectangles of a given perimeter, the square has the maximum area.
Sol. Let the sides of the rectangle are x and y , 4 bethe areaand P be the given perimeter.
P-2
P=2(x+y) = P=2x+2y Sy = ng_
And
Px
A=xy=—-x
7T

Differentiating it with respect to x, we get

dA_d (Px
dx dx\ 2

Again differentiating with respect to x, we get

2
d A=i(£_2xj

dx2 dx\ 2

2
d 12420—2:—2
dx

Put d—A=0, we get
dx

——=2x=0

I
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Q.9.

Sol.

When x=£:
4

d* 4
dx’ -

P
which shows that x=z is a point of maxima.

=-2<0

Bl

P
Therefore, Area is maximum at x:Z'

P
Now at x:Z, value of y is:

() z(ﬁ_xj _pP P_Pr
Pei T 27Y) T2 d s

P . .
= x=y=z gives the maximum area.

Hence among all the rectangles of a given perimeter, the square has the maximum area.

Find all the points of maxima and minima and the corresponding maximum and minimum

values of the function £ (x)=x> +1.
Let b% :f(x):x3 +1

Differentiating it with respect to x, we get

%z%(x3+l)
Q:3 2
dx

Again differentiating with respect to x, we get

dzy d 2
=—1I3

d x* dx(x)
2

di}=6x

dx
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Put Z—y:O, we get

X
3x*=0
= x=0
When x=0
(zzxf lo =(6x),_,=6x0=0

dx® dx
3
= d 2 =620
dx

which shows that x=0 is neither a point of maxima nor a point of minima, hence the given

function has neither maximum value nor minimum value.
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