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UNIT-I & UNIT-II 
1.1 Functions and their Limits 

Function: Let 𝐴 and 𝐵 be two non empty sets. A rule 𝑓: 𝐴 → 𝐵 (read as 𝑓 from 𝐴 to 𝐵) is said to be a 
function if to each element 𝑥 of 𝐴 there exists a unique element 𝑦 of 𝐵 such that 𝑓(𝑥) = 𝑦. 

𝒚 is called the image of 𝒙 under the map 𝒇. Here 𝒙 is independent variable and 𝒚 is dependent 
variable. 

There are mainly two types of functions: Explicit functions and Implicit functions. If y is clearly 
expressed in the terms of x directly then the function is called Explicit function. e.g. 𝑦 = 𝑥 + 20. 

 If y can’t be expressed in the terms of x directly then the function is called Implicit function. e.g. 
𝑎 𝑥ଶ + 2ℎ𝑥𝑦 + 𝑏𝑦ଶ = 1 . 

We may further categorized the functions according to their nature as: 

Functions 
Types 

Algebraic Trigonometric Inverse 
Trigonometric 

Exponential Logarithmic 

Examples  𝑦 = 𝑥ଶ + 𝑥 + 1 , 
𝑦 = 𝑥ଷ − 3𝑥 + 2 
 etc. 

     𝑦 = 𝑠𝑖𝑛𝑥, 
𝑦 = 𝑠𝑒𝑐𝑥 

     etc. 

  𝑦 = 𝑡𝑎𝑛ିଵ𝑥, 
𝑦 = 𝑐𝑜𝑠ିଵ𝑥 

  etc. 

       𝑦 = 𝑒௫, 
𝑦 = 2௫ 

       etc. 

    𝑦 = 𝑙𝑜𝑔௘𝑥, 
𝑦 = 𝑙𝑜𝑔ହ𝑥 

    etc. 
  

Even Function: A function  𝑓(𝑥) is said to be an even function if 𝑓(−𝑥) = 𝑓(𝑥) for all x. 

For example: 𝑥ଶ , 𝑥ସ +  1 , cos(𝑥) etc. 

Odd Function: A function  𝑓(𝑥) is said to be an odd function if 𝑓(−𝑥) = −𝑓(𝑥) for all x. 

For example: 𝑥ଷ , sin(𝑥) , tan(𝑥) etc. 

Periodic Function: A function  𝑓(𝑥) is said to be a periodic function if it retains same value after a 
certain period. 

For example:  sin (𝑥), tan (𝑥) etc. 

As  sin(𝑥) = sin(𝑥 + 2𝜋) = sin(𝑥 + 4𝜋) = sin(𝑥 + 6𝜋) … 

Therefore sin (𝑥) is a periodic function with period 2𝜋. 

Some Solved Problems: 

Q.1. If 𝑓(𝑥)  =  𝑥ଶ + 1, find 𝑓(2). 

Sol. Given that 𝑓(𝑥)  =  𝑥ଶ + 1       (1.1) 
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 Put 𝑥 = 2 in (1.1), we get 

 𝑓(2)  =  2ଶ + 1 = 4 + 1 = 5. 

Q.2. If 𝑓(𝑥)  =  𝑥ଷ − 1, find 𝑓(0). 

Sol. Given that 𝑓(𝑥)  =  𝑥ଷ − 1       (2.1) 

 Put 𝑥 = 0 in (2.1), we get 

 𝑓(0)  =  0ଷ − 1 = 0 − 1 = −1. 

Q.3. If 𝑓(𝑥)  =  𝑥ଷ + 2 𝑥ଶ − 3 𝑥 + 1, find 𝑓(−1). 

Sol. Given that 𝑓(𝑥)  =  𝑥ଷ + 2 𝑥ଶ − 3 𝑥 + 1     (3.1) 

 Put 𝑥 = −1 in (3.1), we get 

 𝑓(−1)  = (−1)ଷ + 2 (−1)ଶ − 3 (−1) + 1 = −1 + 2 + 3 + 1 = 5. 

Q.4. If 𝑓(𝑥)  =  𝑥ଶ + 𝑥 + 1, find 𝑓(2). 𝑓(3). 

Sol. Given that 𝑓(𝑥)  =  𝑥ଶ + 𝑥 + 1       (4.1) 

 Put 𝑥 = 2 in (4.1), we get 

 𝑓(2)  =  2ଶ + 2 + 1 = 4 + 2 + 1 = 7 

 Again put 𝑥 = 3 in (4.1), we get 

 𝑓(3)  =  3ଶ + 3 + 1 = 9 + 3 + 1 = 13 

Therefore    𝑓(2). 𝑓(3) = 7 × 13 = 91. 

Q.5. If 𝑓(𝑥)  =  2 𝑥ଶ − 4 𝑥 + 6, find ௙(ିଶ)

௙(ଵ)
 . 

Sol. Given that 𝑓(𝑥)  =  2 𝑥ଶ − 4 𝑥 + 6      (5.1) 

 Put 𝑥 = −2 in (5.1), we get 

 𝑓(−2)  =  2(−2)ଶ − 4(−2) + 6 = 2(4) + 8 + 6 = 8 + 14 = 22 

 Again put 𝑥 = 1 in (5.1), we get 

 𝑓(1)  =  2(1)ଶ − 4(1) + 6 = 2 − 4 + 6 = 4 

Therefore    ௙(ିଶ)

௙(ଵ)
=

ଶଶ

ସ
= 5.5 

Q.6. If 𝑓(𝑥)  =  3 𝑥ଷ − 5 𝑥 +  3, find 𝑓(𝑎ଶ). 
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Sol. Given that 𝑓(𝑥)  =  3 𝑥ଷ − 5 𝑥 +  3      (6.1) 

 Put 𝑥 = 𝑎ଶ in (6.1), we get 

 𝑓(𝑎ଶ)  = 3 (𝑎ଶ)ଷ − 5 (𝑎ଶ)  +  3 = 3𝑎଺ −  5 𝑎ଶ + 3 

Q.7. If (𝑥)  =  
ଵ

ଵା ௫
 , find 𝑓 ቀ

ଵ

௫
ቁ. 

Sol. Given that 𝑓(𝑥)  =  
ଵ

ଵା ௫
        (7.1) 

 Replace 𝑥 by ଵ
௫
 in (7.1), we get 

 𝑓 ቀ
ଵ

௫
ቁ  =

ଵ

ଵା 
భ

ೣ 

=
ଵ

ቀ
ೣ శ భ

ೣ
ቁ

=  
௫

௫ ା ଵ
 . 

Q.8. If 𝑔(𝑥)  =  𝑥ଷ + 2 𝑥ଶ + 5 𝑥 + 10 , find 𝑔(−2) + 𝑔(−1). 

Sol. Given that  𝑔(𝑥)  =  𝑥ଷ + 2 𝑥ଶ + 5 𝑥 + 10      (8.1) 

 Put 𝑥 = −2 in (8.1), we get 

 𝑔(−2)  =  (−2)ଷ + 2 (−2)ଶ + 5(−2) +  10 =  −8 + 8 − 10 + 10 =  0 

 Again put 𝑥 = −1 in (8.1), we get 

 𝑔(−1)  =  (−1)ଷ + 2 (−1)ଶ + 5(−1) +  10 =  −1 + 2 − 5 + 10 =  6 

Therefore    𝑔(−2) +  𝑔(−1) = 0 + 6 =  6 . 

Q.9. If ℎ(𝑥)  = sin(𝑥) −  𝑥 + 2 , find ℎ(0). 

Sol. Given that ℎ(𝑥)  = sin(𝑥) −  𝑥 + 2      (9.1) 

 Put 𝑥 = 0 in (9.1), we get 

 ℎ(0)  = sin(0) −  0 + 2 = 0 − 0 + 2 = 2 . 

Q.10. If (𝑥)  = √2 cos (𝑥) −  3 , find 𝑔 ቀ
గ

ସ
ቁ . 

Sol. Given that 𝑔(𝑥)  = √2 cos (𝑥) −  3      (10.1) 

 Put 𝑥 =
గ

ସ
 in (10.1), we get 

 𝑔 ቀ
గ

ସ
ቁ  = √2 cos ቀ

గ

ସ
ቁ −  3 =  √2 ×

ଵ

√ଶ 
–  3 = 1 − 3 =  −2 . 

 

Note:  
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(i)  The symbol "∞" is called infinity. 

(ii)  ௔
଴
 is not finite (𝑤ℎ𝑒𝑟𝑒 𝑎 ≠ 0) and it is represented by ∞ . 

(iii)  ௔

ஶ
= 0 if (𝑎 ≠  ∞) . 

Indeterminate Forms: The following forms are called indeterminate forms: 

 ଴
଴

 ,
ஶ

ஶ
 , ∞ஶ , 0଴ , ∞଴ , ∞ −  ∞ , 0 × ∞  𝑒𝑡𝑐. 

(These forms are meaningless) 

Definition of Limit: A function 𝑓(𝑥) is said to have limit 𝑙 when 𝑥 tends to 𝑎, if for every positive 𝜀 
(however small) there exists a positive number 𝛿 such that | 𝑓(𝑥) −  𝑙 | <  𝜀 for all values of 𝑥 for 
which  0 <  | 𝑥 − 𝑎 | < 𝛿  and it is represented as  

lim
௫ → ௔

𝑓(𝑥) =  𝑙 

Some basic properties on Limits: 

(i) KK
ax



lim  where 𝐾 is some constant. 

(ii) )(lim.)(.lim xfKxfK
axax 

  where 𝐾 is some constant. 

(iii)   )(lim)(lim)()(lim xgxfxgxf
axaxax 

  

(iv)   )(lim)(lim)()(lim xgxfxgxf
axaxax 

  

(v)   )(lim.)(lim)(.)(lim xgxfxgxf
axaxax 

  

(vi) 
)(lim

)(lim

)(

)(
lim

xg

xf

xg

xf

ax

ax

ax














provided that 0)(lim 


xg

ax
 

(vii)  
n

ax

n

ax
xfxf 






)(lim)(lim  

Methods of finding the limits of the functions: 

1) Direct Substitution Method 
2) Factorization Method etc. 

Some Standard Limits Formulas: 

1) 1lim 





 n

nn

ax
an

ax

ax
 

2) e
x

x

x







 



1
1lim  

3)   ex x
x




1

0
1lim  
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4) a
x

a
e

x

x
log

1
lim

0





 

5) 1log
1

lim
0





e

x

e
e

x

x
 

6) 0sinlim
0




x
x

 

7) 0tanlim
0




x
x

 

8) 1coslim
0




x
x

 

9) 1
sin

lim
0


 x

x
x

 

10) 1
tan

lim
0


 x

x
x

 

Some Solved Problems: 

Q.1. Evaluate  2

0
21lim xx

x



. 

Sol.       1001002121lim 22

0



xx

x
 

Q.2. Evaluate  32

1
1lim xxx

x



. 

Sol.         0111111111lim 3232

1



xxx

x
 

Q.3. Evaluate
x

x
x 3

21
lim

2

2




. 

Sol. 
 
  5.1

6

9

6

81

23

221

3

21
lim

22

2









 x

x
x

 

Q.4. Evaluate
5

9
lim

2

3




x
x

. 

Sol. 0
5

0

5

99

5

93

5

9
lim

22

3











x
x

 

Q.5. Evaluate
1

6
lim

3

1 


 x

x
x

. 

Sol. 
 












 0

5

0

61

11

61

1

6
lim

33

1 x

x
x
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Q.6. Evaluate
2

8
lim

3

2 


 x

x
x

. 

Sol. 0
4

0

4

88

22

82

2

8
lim

33

2












 x

x
x

 

Q.7. Evaluate
1

1
lim

2

1 


 x

x
x

. 

Sol. 







 0

2

11

11

1

1
lim

22

1 x

x
x

 

Q.8. Evaluate
4

874
lim

23

0 


 x

xxx
x

. 

Sol. 
     

2
4

8

40

807040

4

874
lim

2323

0












 x

xxx
x

 

Q.9. Evaluate
2

8
lim

3

2 


 x

x
x

. 

Sol. 



















form

x

x
x 0

0

0

0

22

88

22

82

2

8
lim

33

2  

  
2

222
lim

2

2
lim

2

8
lim

22

2

33

2

3

2



















x

xxx

x

x

x

x

x

xx

   
By factorization method 

           

 
 

12444

2222

22lim

22

22

2







xx
x

 

Q.10. Evaluate
5

25
lim

2

5 


 x

x
x

. 

Sol. 



















form

x

x
x 0

0

0

0

55

2525

55

255

5

25
lim

22

5  
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  
5

55
lim

5

5
lim

5

25
lim

5

22

5

2

5



















x

xx

x

x

x

x

x

xx

   
By factorization method 

           
 

1055

5lim
5






x
x  

Q.11. Evaluate
4

256
lim

4

4 


 x

x
x

. 

Sol. 



















form

x

x
x 0

0

0

0

44

256256

44

2564

4

256
lim

44

4  

   
4

44
lim

4

4
lim

4

256
lim

2222

4

44

4

4

4



















x

xx

x

x

x

x

x

xx

  
By factorization method 

                 

   

  
  

256328

4444

44lim

4

444
lim

22

22

4

22

4















xx

x

xxx

x

x

 

Q.12. Evaluate
9

3
lim

23 


 x

x
x

. 

Sol. 



















form

x

x
x 0

0

0

0

99

33

93

33

9

3
lim

223  

  

 3
1

lim

33

3
lim

9

3
lim

3

323

















x

xx

x

x

x

x

xx

   
By factorization method 

           
6

1

33

1



  
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Q.13. Evaluate
34

2
lim

2

2

1 


 xx

xx
x

. 

Sol. 
  





















form

xx

xx
x 0

0

0

0

341

211

3141

211

34

2
lim

2

2

2

2

1  

   
   313

212
lim

33

22
lim

34

2
lim

1

2

2

12

2

1



















xxx

xxx

xxx

xxx

xx

xx

x

xx

  
By factorization method 

                    

  
  
 
 

 
  2

3

31

21

3

2
lim

13

12
lim

1

1




















x

x

xx

xx

x

x
 

Q.14. Evaluate
4

65
lim

2

2

2 


 x

xx
x

. 

Sol. 
 
42

6252

4

65
lim

2

2

2

2

2 






 x

xx
x  






0

20

44

6104
 

Q.15. Evaluate
64

9
lim

2

2

3 


 xx

x
x

. 

Sol. 
  6343

93

64

9
lim

2

2

2

2

3 






 xx

x
x  

0
3

0

6129

99





  

Q.16. Evaluate
1

1
lim

3

1 


 x

x
x

. 

Sol. 
 




















form

x

x
x 0

0

0

0

0

11

11

11

1

1
lim

33

1  
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  

 1lim

1

11
lim

1

1
lim

2

1

2

1

3

1
















xx

x

xxx

x

x

x

xx

   
By factorization method 

                  3111111 2   

Q.17. Evaluate
3

3
lim

3 


 x

x
x

. 

Sol. 















form

x

x
x 0

0

0

0

33

33

3

3
lim

3  

   

  33

3
lim

3

3
lim

3

3
lim

3

2233




















xx

x

x

x

x

x

x

xx

  
By factorization method 

                32

1

33

1

3

1
lim

3








 xx
 

Q.18. Evaluate
1

1
lim

3

1 


 x

x
x

. 

Sol. 















form

x

x
x 0

0

0

0

11

11

1

1
lim

33

1  

  

 1lim

1

11
lim

1

1
lim

2

1

2

1

3

1
















xx

x

xxx

x

x

x

xx

   
By factorization method 

              31111112   

Q.19. Evaluate
2

8
lim

3

2 


 x

x
x

. 

Sol. 



















form

x

x
x 0

0

0

0

22

88

22

82

2

8
lim

33

2  

  1223
2

2
lim

2

8
lim 2

33

2

3

2










 x

x

x

x
xx   
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










 


3&2,lim 1 nawherean

ax

ax
by n

nn

ax
 

Q.20. Evaluate
5

25
lim

2

5 


 x

x
x

. 

Sol. 


















form

x

x
x 0

0

0

0

0

2525

55

255

5

25
lim

22

5  

  1052
5

5
lim

5

25
lim 1

22

5

2

5










 x

x

x

x
xx   

     











 


2&5,lim 1 nawherean

ax

ax
by n

nn

ax
 

Q.21. Evaluate
3

81
lim

4

3 


 x

x
x

. 

Sol. 


















form

x

x
x 0

0

0

0

0

8181

33

813

3

81
lim

44

3  

  10834
3

3
lim

3

81
lim 3

44

3

4

3










 x

x

x

x
xx   

     











 


4&3,lim 1 nawherean

ax

ax
by n

nn

ax
 

Q.22. Evaluate
4

64
lim

3

4 


 x

x
x

. 

Sol. 


















form

x

x
x 0

0

0

0

0

6464

44

644

4

64
lim

33

4  

  4843
4

4
lim

4

64
lim 2

33

4

3

4










 x

x

x

x
xx   

     











 


3&4,lim 1 nawherean

ax

ax
by n

nn

ax
 

Q.23. Evaluate
1

1
lim

2

1 


 x

x
x

. 
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Sol. 
 




















form

x

x
x 0

0

0

0

0

11

11

11

1

1
lim

22

1  

 
    212

1

1
lim

1

1
lim 1

22

1

2

1










 x

x

x

x
xx   

     











 


2&1,lim 1 nawherean

ax

ax
by n

nn

ax
 

Q.24. Evaluate
2

2
lim

2 


 x

x
x

. 

Sol. 















form

x

x
x 0

0

0

0

22

22

2

2
lim

2  

   
22

1
2

2

1
2

2

1

2

2
lim

2

2
lim 2

1
1

2

12
1

2
1

22









 

 x

x

x

x
xx   

    











 

 2

1
&2,lim 1 nawherean

ax

ax
by n

nn

ax
 

Q.25. Evaluate
5

5
lim

3

1

3

1

5 


 x

x
x

. 

Sol. 















form

x

x
x 0

0

0

0

55

55

5

5
lim

3

1

3

1

3

1

3

1

5  

   
 3

2
3

2
1

3

13

1

3

1

5
53

1
5

3

1
5

3

1

5

5
lim 




 

 x

x
x   

    











 

 3

1
&5,lim 1 nawherean

ax

ax
by n

nn

ax
 

Q.26. Evaluate  xx
x

cossinlim
0




. 

Sol.   1100cos0sincossinlim
0




xx
x  

Q.27. Evaluate  xx
x

cossinlim

2





. 
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Sol.   101
2

cos
2

sincossinlim

2







xx
x  

Q.28. Evaluate  xxx
x

tan3cos4sin2lim
0




. 

Sol.         40314020tan30cos40sin2tan3cos4sin2lim
0




xxx
x  

Q.29. Evaluate
x

x
x 6

5sin
lim

0
. 

Sol.    














form
x

x
x 0

0

0

0

0

0sin

06

05sin

6

5sin
lim

0  

6

5

6

5
1

6

5

5

5sin
lim

6

5sin
lim

00


 x

x

x

x
xx    





 


1

sin
lim

0 x

x
by

x  

Q.30. Evaluate
x

x
x 2sin

4
lim

0
. 

Sol. 
    














form
x

x
x 0

0

0

0

0sin

0

02sin

04

2sin

4
lim

0  

2
2

4

21

4
lim

2
2

2sin
4

lim
2sin

4
lim

000








 x

x

x
x

x
x

x

x
xxx   





 


1

sin
lim

0 x

x
by

x  

Q.31. Evaluate
x

x
x

sin
lim

0
. 

Sol. 








form

x

x
x 0

0

0

0

0

0sinsin
lim

0



 

180
180limlim

sin
lim

sin
lim

0000








 x

x

x

x

x

x

x

x

x

x
xxxx







   





 


 180

1
sin

lim
0

x
xand

x

x
by

x



 

Q.32. Evaluate
x

x
x 3

6tan
lim

0
. 

Sol.    














form
x

x
x 0

0

0

0

0

0tan

03

06tan

3

6tan
lim

0  
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2
3

6
1

3

6

6

6tan
lim

3

6tan
lim

00


 x

x

x

x
xx    





 


1

tan
lim

0 x

x
by

x  

Q.33. Evaluate
x

x
x 5

sin
lim

2

0
. 

Sol. 
   













form

x

x
x 0

0

0

0

0

0sin

05

0sin

5

sin
lim

22

0  

0
5

0

5
lim

5
lim1

5

sin
lim

5

sin
lim

0

2

0

2

2

2

0

2

0













x

x

x

x

x

x

x

x

x
xxxx     





 


1

sin
lim

0 x

x
by

x  

Q.34. Evaluate
x

x
x 3tan

9
lim

0
. 

Sol.     













form
x

x
x 0

0

0

0

0tan

0

03tan

09

3tan

9
lim

0  

3
3

9

31

9
lim

3
3

3tan
9

lim
3tan

9
lim

000








 x

x

x
x

x
x

x

x
xxx   





 


1

tan
lim

0 x

x
by

x  

Q.35. Evaluate
qx

px
x tan

sin
lim

0
. 

Sol. 
 
 

 
  














form
q

p

qx

px
x 0

0

0

0

0tan

0sin

0tan

0sin

tan

sin
lim

0  

q

p

q

p

xq

xp

xq
qx

qx

xp
px

px

qx

px
xxxx











 0000
lim

1

1
lim

tan

sin

lim
tan

sin
lim

   





 


1

tan
lim&1

sin
lim

00 x

x

x

x
by

xx
 

Q.36. Evaluate
x

x
x 2sin

4tan
lim

0
. 

Sol. 
 
 

 
  














form
x

x
x 0

0

0

0

0sin

0tan

02sin

04tan

2sin

4tan
lim

0  
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2
2

4
lim

21

41
lim

2
2

2sin

4
4

4tan

lim
2sin

4tan
lim

0000











 xxxx x

x

x
x

x

x
x

x

x

x

   





 


1

tan
lim&1

sin
lim

00 x

x

x

x
by

xx
 

Q.37. Evaluate
Bx

Ax
x sin

tan
lim

0
. 

Sol. 
 
 

 
  














form
B

A

Bx

Ax
x 0

0

0

0

0sin

0tan

0sin

0tan

sin

tan
lim

0  

B

A

B

A

xB

xA

xB
Bx

Bx

xA
Ax

Ax

Bx

Ax
xxxx











 0000
lim

1

1
lim

sin

tan

lim
sin

tan
lim

   





 


1

tan
lim&1

sin
lim

00 x

x

x

x
by

xx
 

Q.38. Evaluate
x

x
x

8sin
lim

0
. 

Sol. 
   













form

x

x
x 0

0

0

0

0

0sin

0

08sin8sin
lim

0  

8818
8

8sin
lim

8sin
lim

00


 x

x

x

x
xx     





 


1

sin
lim

0 x

x
by

x  

Q.39. Evaluate
x

xx
x

2tan3sin
lim

0




. 

Sol. 
   















form
x

xx
x 0

0

0

0

0

02tan03sin2tan3sin
lim

0  





 




 x

x

x

x

x

xx
xx

2tan3sin
lim

2tan3sin
lim

00    

12321312
2

2tan
3

3

3sin
lim

0











 x

x

x

x
x  





 


1

tan
lim&1

sin
lim

00 x

x

x

x
by

xx  
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Q.40. Evaluate
20 2

3tan
lim

x

x
x

. 

Sol. 
 
 

 












form

x

x
x 0

0

0

0

0

0tan

02

03tan

2

3tan
lim

220  





 0

3

02

3

2

3
lim1

2

3

3

3tan
lim

2

3tan
lim

02020 xx

x

x

x

x

x
xxx  





 


1

tan
lim

0 x

x
by

x  

Q.41. Evaluate
x

xx
x 2

24tan
lim

0




. 

Sol.    
  


















form

x

xx
x 0

0

0

0

0

00

02

0204tan

2

24tan
lim

0  















 














12

4

4tan
lim

2

2

2

4tan
lim

2

24tan
lim

000 x

x

x

x

x

x

x

xx
xxx    

         312121 
   





 


1

tan
lim

0 x

x
by

x  

Q.42. Evaluate
4

2tansin2
lim

0

xx
x




. 

Sol. 
 

0
4

0

4

002

4

0tan0sin2

4

2tansin2
lim

0











xx
x  

Q.43. Evaluate
xx

xx
x 26sin

5sin3
lim

0 



. 

Sol. 
 

  




















form
xx

xx
x 0

0

0

0

00

00

020sin

0sin03

26sin

5sin3
lim

0

 





 







 









x

xx

x

xx

xx

xx
xx 26sin

5sin3

lim
26sin

5sin3
lim

00
  

    (𝐷𝑖𝑣𝑖𝑑𝑒𝑑 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 & 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑏𝑦 ′𝑥′) 

 
  1

8

8

261

513

26
6

6sin

5
5

5sin
3

lim
26sin

5sin3

lim
00












 







 









x

x

x

x

x

x

x

x
x

x

x

x

xx
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Q.44. Evaluate
xx

xx
x 3sin6

4sin
lim

0 



. 

Sol. 




















form

xx

xx
x 0

0

0

0

00

00

0sin0

00sin

3sin6

4sin
lim

0

 





 







 









x

xx

x

xx

xx

xx
xx 3sin6

4sin

lim
3sin6

4sin
lim

00
  

    (𝐷𝑖𝑣𝑖𝑑𝑒𝑑 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 & 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑏𝑦 ′𝑥′) 

1
3

3

36

14

3
3

3sin
6

14
4

4sin

lim
3sin6

4sin

lim
00












 







 









x

x

x

x

x

x

x

x
x

x

x

x

xx
 

Questions based on a
x

a
e

x

x
log

1
lim

0





:   

 

Q.45. Evaluate
x

x

x

12
lim

0




. 

Sol. 
















form
x

x

x 0

0

0

0

0

11

0

1212
lim

0

0

 
 22log

12
lim

0






ahere

x e

x

x  

Q.46. Evaluate
x

x

x

15
lim

0




. 

Sol. 
















form
x

x

x 0

0

0

0

0

11

0

1515
lim

0

0

 
 55log

15
lim

0






ahere

x e

x

x  

Q.47. Evaluate
x

x

x

17
lim

0




. 
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Sol. 
















form
x

x

x 0

0

0

0

0

11

0

1717
lim

0

0

 
 77log

17
lim

0






ahere

x e

x

x  

Q.48. Evaluate
x

xx

x

23
lim

0




. 

Sol. 
















form
x

xx

x 0

0

0

0

0

11

0

2323
lim

00

0

 

   
xxx

xx

x

xx

x

xx

x

1213
lim

2113
lim

23
lim

000











 



















 







 


 xx

xx

x

1213
lim

0
 







 

b

a
ba eeeeee logloglog

2

3
log2log3log 

 

Q.49. Evaluate
x

xx

x

75
lim

0




. 

Sol. 
















form
x

xx

x 0

0

0

0

0

11

0

7575
lim

00

0

 

   
xxx

xx

x

xx

x

xx

x

1715
lim

7115
lim

75
lim

000











 



















 







 


 xx

xx

x

1715
lim

0
 







 

b

a
ba eeeeee logloglog

7

5
log7log5log 

 

Q.50. Evaluate
x

xx

x

52
lim

0




. 

Sol. 
















form
x

xx

x 0

0

0

0

0

11

0

5252
lim

00

0

 

   
xxx

xx

x

xx

x

xx

x

1512
lim

5112
lim

52
lim

000











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

















 







 


 xx

xx

x

1512
lim

0
 







 

b

a
ba eeeeee logloglog

5

2
log5log2log 

 

Q.51. Evaluate
x

xx

x sin

34
lim

0




. 

Sol. 
















form
x

xx

x 0

0

0

0

0

11

0sin

34

sin

34
lim

00

0

 

   
xx

x

xx

xx

x

xx

x

xx

x 











 1

1314
lim

sin
3114

lim
sin

34
lim

000
 



















 







 


 xx

xx

x

1314
lim

0
 







 

b

a
ba eeeeee logloglog

3

4
log3log4log 

 

Q.52. Evaluate
x

xx

x tan

35
lim

0




. 

Sol. 
















form
x

xx

x 0

0

0

0

0

11

0tan

35

tan

35
lim

00

0

 

   
xx

x

xx

xx

x

xx

x

xx

x 











 1

1315
lim

tan
3115

lim
tan

35
lim

000
 



















 







 


 xx

xx

x

1315
lim

0
 







 

b

a
ba eeeeee logloglog

3

5
log3log5log 

 

Q.53. Evaluate
x

qp xx

x


 0
lim . 
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Sol. 
















form
qp

x

qp xx

x 0

0

0

0

0

11

0
lim

00

0

 

   
x

qp

x

qp

x

qp xx

x

xx

x

xx

x

11
lim

11
limlim

000











 



















 







 


 x

q

x

p xx

x

11
lim

0
 







 

b

a
ba

q

p
qp eeeeee loglogloglogloglog 

 

Q.54. Evaluate
1

1
lim

0 


 x

x

x b

a
. 

Sol. 



















form

b

a

b

a
x

x

x 0

0

0

0

11

11

1

1

1

1
lim

0

0

0

 







 








 








x

b

x

a

b

a
x

x

xx

x

x 1

1

lim
1

1
lim

00
 

     (𝐷𝑖𝑣𝑖𝑑𝑒𝑑 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 & 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑏𝑦 ′𝑥′)

 

           
b

a

e

e

log

log
  

Q.55. Evaluate
13

12
lim

0 


 x

x

x
. 

Sol. 



















form

x

x

x 0

0

0

0

11

11

13

12

13

12
lim

0

0

0

 







 








 








x

x
x

x

xx

x

x 13

12

lim
13

12
lim

00
 

     (𝐷𝑖𝑣𝑖𝑑𝑒𝑑 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 & 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑏𝑦 ′𝑥′)

 

           
3log

2log

e

e  
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Q.56. Evaluate
15

17
lim

0 


 x

x

x
. 

Sol. 



















form

x

x

x 0

0

0

0

11

11

15

17

15

17
lim

0

0

0

 







 








 








x

x
x

x

xx

x

x 15

17

lim
15

17
lim

00
 

     (𝐷𝑖𝑣𝑖𝑑𝑒𝑑 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 & 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑏𝑦 ′𝑥′)

 

           
5log

7log

e

e  

Q.57. Evaluate
x

x

x sin

12
lim

0




. 

Sol. 
















form
x

x

x 0

0

0

0

0

11

0sin

12

sin

12
lim

0

0

 














 







x

x

x

x

x

x

x

x sin

12

lim
sin

12
lim

00
 

     (𝐷𝑖𝑣𝑖𝑑𝑒𝑑 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 & 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑏𝑦 ′𝑥′)

 

           2log
1

2log
e

e   

Q.58. Evaluate
x

a x

x tan

1
lim

tan

0




. 

Sol. 



















form
aa

x

a x

x 0

0

0

0

0

11

0

1

0tan

1

tan

1
lim

00tantan

0

 
a

x

a
e

x

x
log

tan

1
lim

tan

0






 

                          ( 𝐵𝑒𝑐𝑎𝑢𝑠𝑒 𝑡𝑎𝑛𝑥 → 0 𝑎𝑠 𝑥 → 0 )

 

Q.59. Evaluate
x

e x

x

1
lim

sin

0




. 
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Sol. 



















form
ee

x

e x

x 0

0

0

0

0

11

0

1

0

11
lim

00sinsin

0

 
















 x

x

x

e

x

e x

x

x

x

sin

sin

1
lim

1
lim

sin

0

sin

0
 

   
 1log1111log  ee ee 

 

Q.60. Evaluate
xx

e x

x tan

1
lim

2

0




. 

Sol. 
 






















form

ee

xx

e x

x 0

0

0

0

0

11

0

1

0tan0

1

tan

1
lim

00

0

22

 


















 xx

x

x

e

xx

e x

x

x

x tan

1
lim

tan

1
lim

2

200

22

 

   
 1log1

tan
lim1

tan
limlog

0

2

0



e

x

x

xx

x
e e

xx
e 
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1.2 Differentiation by First Principle 

Increment: Increment is the quantity by which the value of variable changes. It may be positive or 
negative. e.g. suppose the value of a variable x  changes from  5 to 5.3 then 0.3 is the increment in 
x . Similarly, if the value of variable x  changes from  5 to 4.5 then -0.5 is the increment in x . 

Usually x represents the increment in x , y represents the increment in y , z represents the 

increment in z  etc. 

Derivative or Differential Co-efficient: If y  is a function of x . Let x  be the increment in x  and 

y  be the corresponding increment in y , then  existsitif
x

y
x 


 0
lim


 is called the derivative or 

differential co-efficient of y  with respect to x  and is dented by .
xd

yd
 

i.e. 
x

y

xd

yd
x 


 0
lim


  

First Principle Method of Differentiation:  

Let  )(xfy             (1) 

Let x  be the increment in x  and y  be the corresponding increment in y , then  

 xxfyy            (2) 

Subtracting equation (1) from equation (2), we get 

   )(xfxxfyyy    

  )(xfxxfy    

Dividing both sides by x , we get 

 
x

xfxxf

x

y





 )(

  

Taking limit 0x  on both sides, we get 

 
x

xfxxf

x

y
xx 







)(
limlim

00





 

If this limit exists, we write it as 
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 xf
xd

yd
'  

where    
x

xfxxf
xf

x 




)(
lim'

0





.  

This is called the differentiation or derivative of the function  xf  with respect to x . 

Notations: The first order derivative of the function  xf  with respect to x  can be represented in 

the following ways: 

       .,',, 1 etcxfxf
xd

fd
xf

xd

d
 

Similarly, the first order derivative of y  with respect to x  can be represented as: 

.,', 1 etcyy
xd

yd
 

Physical Interpretation of Derivatives: 

Let the variable t  represents the time and the function  tf  represents the distance travelled in 

time t . 

We know that 𝑆𝑝𝑒𝑒𝑑 =
஽௜௦௧௔௡௖௘  ௧௥௔௩௘௟௟௘ௗ

்௜௠௘  ௧௔௞௘௡
 

If time interval is between ''&'' haa  . Here h  be increment in a . Then the speed in that interval 

is given by 

  ஽௜௦௧௔௡௖௘  ௧௥௔௩௘௟௟௘ௗ ௨௣௧௢ ௧௜௠௘ (௔ା௛)ି ஽௜௦௧௔௡௖௘  ௧௥௔௩௘௟௟௘ௗ ௨௣௧௢ ௧௜௠௘ (௔)

௟௘௡௚  ௢௙ ௧௜௠௘  ௜௡௧௘௥௩௔௟
 

  
       

h

afhaf

aha

afhaf 





  

If we take 0h then 
   

h

afhaf 
 approaches the speed at time at  . Thus we can say that 

derivative is related in the similar way as speed is related to the distance travelled by a moving 
particle. 

Q.1. Differentiate 𝑥௡ with respect to 𝑥 by First Principle Method. 

Ans. Let nxy            (1) 

Let x  be the increment in x  and y  be the corresponding increment in y , then  
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         nxxyy           (2) 

Subtracting equation (1) from equation (2), we get 

   nn xxxyyy    

    n
n

nn x
xxnn

xxnxy 













 ...

!2

1 22
1   

   
...

!2

1 22
1 





 xxnn

xxny
n

n   

Dividing both sides by x , we get 

   
 

...
!2

1
...

!2

1
2

1

22
1


















xxnn
xn

x

xxnn
xxn

x

y n
n

n
n









 

Taking limit 0x  on both sides, we get 

 

















...

!2

1
limlim

2
1

00

xxnn
xn

x

y n
n

xx






 

1 nxn
xd

yd

 

Hence      1 nn xnx
xd

d
 . 

Q.2. Differentiate sin 𝑥 with respect to 𝑥 by First Principle Method. 

Ans. Let xy sin           (1) 

Let x  be the increment in x  and y  be the corresponding increment in y , then  

         xxyy   sin         (2) 

Subtracting equation (1) from equation (2), we get 

   xxxyyy sinsin    







 







 


2

sin
2

cos2
xxxxxx

y
  
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













 


2

sin
2

2
cos2

xxx
y

  

Dividing both sides by x , we get 

x

xxx

x

y






















 

 2
sin

2

2
cos2

 

Taking limit 0x  on both sides, we get 
































 


 x

xxx

x

y
xx 








2
sin

2

2
cos2

limlim
00

 









































 




2
2

2
sin

2

2
cos2

lim
0 x

xxx

xd

yd
x 




 



























































 




2

2
sin

2

2
coslim

0 x

x

xx

xd

yd
x 





 















 




1
2

2
coslim

0

xx

xd

yd
x




 

x
x

xd

yd
cos

2

02
cos 






 

  

Hence   xx
xd

d
cossin   . 

Q.3. Differentiate cos 𝑥 with respect to 𝑥 by First Principle Method. 

Ans. Let xy cos           (1) 

Let x  be the increment in x  and y  be the corresponding increment in y , then  

         xxyy   cos         (2) 
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Subtracting equation (1) from equation (2), we get 

   xxxyyy coscos    







 







 


2

sin
2

sin2
xxxxxx

y
  















 


2

sin
2

2
sin2

xxx
y

  

Dividing both sides by x , we get 

x

xxx

x

y






















 


 2

sin
2

2
sin2

 

Taking limit 0x  on both sides, we get 
































 




 x

xxx

x

y
xx 








2
sin

2

2
sin2

limlim
00

 









































 






2
2

2
sin

2

2
sin2

lim
0 x

xxx

xd

yd
x 




 



























































 




2

2
sin

2

2
sinlim

0 x

x

xx

xd

yd
x 





 















 




1
2

2
sinlim

0

xx

xd

yd
x




 

x
x

xd

yd
sin

2

02
sin 






 

  

Hence   xx
xd

d
sincos   . 
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Q.4. Differentiate 𝑒௫ with respect to 𝑥 by First Principle Method. 

Ans. Let xey            (1) 

Let x  be the increment in x  and y  be the corresponding increment in y , then  

        
xxeyy            (2) 

Subtracting equation (1) from equation (2), we get 

 xxx eeyyy    

 1 xx eey   

Dividing both sides by x , we get 

 
x

ee

x

y xx


  1

  

Taking limit 0x  on both sides, we get 

 







 


 x

ee

x

y xx

xx 
 



1
limlim

00
 

xx
e

x eeee
xd

yd
 1log

 

Hence      xx ee
xd

d
  . 

 

1.3  Differentiation of Sum, Product and Quotient  
AND 
2.1 Differentiation of trigonometric functions, inverse trigonometric functions, 
Logarithmic differentiation, successive differentiation (upto 2nd order) 
 

Basic Properties of Differentiation: 

If  xf  are  xg  differentiable functions, then 

(i)   0K
xd

d
 where 𝐾 is some constant. 
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(ii)    )(.)(. xf
xd

d
KxfK

xd

d
  where 𝐾 is some constant. 

(iii)      )()()()( xg
xd

d
xf

xd

d
xgxf

xd

d
  

(iv)      )()()()( xg
xd

d
xf

xd

d
xgxf

xd

d
  

(v)      )(.)()(.)()(.)( xf
xd

d
xgxg

xd

d
xfxgxf

xd

d
  

This property is known as Product Rule of differentiation.  

(vi) 
     

 2)(

)()(

)(

)(

xg

xg
xd

d
xfxf

xd

d
xg

xg

xf

xd

d










provided that 0)( xg  

This property is known as Quotient Rule of differentiation.  

Some Basic Formulas of Differentiation:  

(i)   1 nn xnx
xd

d
 this is known as power formula, here n  is any real number. 

(ii)   1&0log  aahereaaa
xd

d
e

xx  

(iii)   x
e

xx eeee
xd

d
 log  

(iv)  
x

x
xd

d
e

1
log   

(v)   e
x

x
xd

d
aa log

1
log   

Q.1. Differentiate 10xy   with respect to x . 

Sol. Given that 10xy   

 Differentiating it with respect to x , we get 

    910 10 xx
xd

d

xd

yd
  

Q.2. Differentiate xy   with respect to x . 

Sol. Given that xy   
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 Differentiating it with respect to x , we get 

    1
2

1

2

1

2

1 











 xx

xd

d
x

xd

d

xd

yd
 

        
x

x

xx
2

1

2

1

2

1

2

1

2

1
2

1

2

21






 

Q.3. Differentiate 3

1

xy   with respect to x . 

Sol. Given that 3

1

xy   

 Differentiating it with respect to x , we get 

  
1

3

1

3

1

3

1 











 xx

xd

d

xd

yd
 

        
3

2
3

2

3

31

3

1

3

1

3

1

x

xx 




 

Q.4. Differentiate
x

y
1

  with respect to x . 

Sol. Given that 
x

y
1

  

 Differentiating it with respect to x , we get 

  





































2

1

2

1

11
x

xd

d

x
xd

d

xxd

d

xd

yd
 

         
2

3
2

3

2

21
1

2

1

2

1

2

1

2

1

2

1

x

xxx 





 

Q.5. Differentiate 65 xy   with respect to x . 

Sol. Given that 65 xy   

 Differentiating it with respect to x , we get 
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       66 55 x
xd

d

xd

d
x

xd

d

xd

yd
  

         55 660 xx   

Q.6. Differentiate 2

5


 xy  with respect to x . 

Sol. Given that 2

5


 xy  

 Differentiating it with respect to x , we get 

  
1

2

5

2

5

2

5 











 xx

xd

d

xd

yd
 

         
2

7
2

7

2

25

2

5

2

5

2

5

x

xx 




 

Q.7. Differentiate
x

xy
1

  with respect to x . 

Sol. Given that 
x

xy
1

  

 Differentiating it with respect to x , we get 

    


















xxd

d
x

xd

d

x
x

xd

d

xd

yd 11
 

        
1

2

1
1

2

1

2

1

2

1

2

1

2

1 



























 xxx

xd

d
x

xd

d
 

         2

3

2

1

2

1

2

1 
 xx  

Q.8. Differentiate 232 xxy   with respect to x . 

Sol. Given that 232 xxy   

 Differentiating it with respect to x , we get 

         22 3232 x
xd

d
x

xd

d

xd

d
xx

xd

d

xd

yd
  
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           xx 612310   

Q.9. Differentiate  23 xy  with respect to x . 

Sol. Given that   xxxy 693 22   

 Differentiating it with respect to x , we get 

         x
xd

d

xd

d
x

xd

d
xx

xd

d

xd

yd
6969 22   

         62602  xx  

Q.10. Differentiate   13  xxy  with respect to x . 

Sol. Given that    323313 22  xxxxxxxy  

 Differentiating it with respect to x , we get 

         3232 22

xd

d
x

xd

d
x

xd

d
xx

xd

d

xd

yd
  

           220122  xx  

Q.11. Differentiate xxaey xx log2. 3   with respect to x . 

Sol. Given that   xxaexxaey xxx log2log2. 33   

 Differentiating it with respect to x , we get 

          x
xd

d
x

xd

d
ae

xd

d
xxae

xd

d

xd

yd xx log2log2 33   

                  
x

xeaae
x

xeaae e
x

e
x 1

6log
1

32log 22   

[ Note that if base of log is not given then it is supposed to be log with base ‘e’ ] 

Q.12. Differentiate   tty 293 2   with respect to t . 

Sol. Given that   tty 293 2   

 Differentiating it with respect to t , we get 

          93.2293293 222  t
td

d

td

d
tt

td

d

td

yd ttt
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           023.22log.293 2  tt t
e

t

 

          tt t
e

t 6.22log.293 2    

          tt e
t 62log932 2   

Q.13. Differentiate
x

x
y

72 
  with respect to x . 

Sol. Given that 1
22

7
77 


 xx

xx

x

x

x
y  

 Differentiating it with respect to x , we get 

     11 77   x
xd

d

xd

xd
xx

xd

d

xd

yd

 

           
  211 71171   xx  

Some Basic Formulas of Differentiation of Trigonometric and Inverse Trigonometric Functions : 

(i)   xx
xd

d
cossin   

(ii)   xx
xd

d
sincos   

(iii)   xx
xd

d 2sectan   

(iv)   xxx
xd

d
tansecsec   

(v)   xecx
xd

d 2coscot   

(vi)   xecxecx
xd

d
cotcoscos   

(vii)  
2

1

1

1
sin

x
x

xd

d


  

(viii)  
2

1

1

1
cos

x
x

xd

d




  

(ix)  
2

1

1

1
tan

x
x

xd

d


  

(x)  
2

1

1

1
cot

x
x

xd

d




  
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(xi)  
1

1
sec

2

1




xx
x

xd

d  

(xii)  
1

1
cos

2

1






xx
xec

xd

d  

Q.16. Differentiate xxexy 2sin   with respect to x . 

Sol. Given that xxexy 2sin   

 Differentiating it with respect to x , we get 

         xxxx

xd

d
e

xd

d
x

xd

d
ex

xd

d

xd

yd
2sin2sin   

         2log2cos e
xxex   

Q.17. Differentiate xxy sec5log2   with respect to x . 

Sol. Given that xxy sec5log2   

 Differentiating it with respect to x , we get 

       x
xd

d
x

xd

d
xx

xd

d

xd

yd
sec5log2sec5log2   

         xx
x

tansec5
2
  

Q.18. Differentiate xy 1sin5   with respect to x . 

Sol. Given that xy 1sin5   

 Differentiating it with respect to x , we get 

     
2

11

1

5
sin5sin5

x
x

xd

d
x

xd

d

xd

yd


   

Q.19. Differentiate xxy 1tancos   with respect to x . 

Sol. Given that xxy 1tancos   

 Differentiating it with respect to x , we get 
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       x
xd

d
x

xd

d
xx

xd

d

xd

yd 11 tancostancos  
 

         
21

1
sin

x
x


  

Questions based on Product Rule: 

Q.31. Differentiate xxy cos  with respect to x . 

Sol. Given that xxy cos  

 Differentiating it with respect to x , we get 

     
xd

xd
xx

xd

d
xxx

xd

d

xd

yd
coscos.cos 

 

          xxxxxx cossin1.cossin.   

Q.32. Differentiate xxy sin2  with respect to x . 

Sol. Given that xxy sin2  

 Differentiating it with respect to x , we get 

       222 .sinsinsin x
xd

d
xx

xd

d
xxx

xd

d

xd

yd


 

        xxxxxxxx sin2cos2.sincos 22   

Q.33. Differentiate xxy cossin  with respect to x . 

Sol. Given that xxy cossin  

 Differentiating it with respect to x , we get 

       x
xd

d
xx

xd

d
xxx

xd

d

xd

yd
sincoscos.sincossin 

 

            xxxxxx 22 cossincos.cossin.sin   

Q.34. Differentiate xxy logcos  with respect to x . 

Sol. Given that xxy logcos  

 Differentiating it with respect to x , we get 
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       x
xd

d
xx

xd

d
xxx

xd

d

xd

yd
cosloglog.coslogcos 

 

          xx
x

x
xx

x
x sin.log

cos
sinlog

1
cos   

Q.35. Differentiate xxy tanlog  with respect to x . 

Sol. Given that xxy tanlog  

 Differentiating it with respect to x , we get 

       x
xd

d
xx

xd

d
xxx

xd

d

xd

yd
logtantan.logtanlog 

 

         
x

x
xx

x
xxx

tan
sec.log

1
tanseclog 22   

Q.36. Differentiate   xxy log52   with respect to x . 

Sol. Given that   xxy log52   

 Differentiating it with respect to x , we get 

          52loglog.52log52  x
xd

d
xx

xd

d
xxx

xd

d

xd

yd

 

          x
x

x
x

x
x log2

52
2log

1
52 




 

Q.38. Differentiate   tty 13 tan8   with respect to t . 

Sol. Given that   tty 13 tan8   

 Differentiating it with respect to t , we get 

          8.tantan8tan8 311313   t
td

d
tt

td

d
ttt

td

d

td

yd

 

           03.tan
1

1
8 21

2
3 










  tt

t
t  

        tt
t

t 12
2

3

tan3
1

8 




 

Questions based on Quotient Rule: 
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Q.40. Differentiate
x

x
y

sin
  with respect to x . 

Sol. Given that 
x

x
y

sin
  

 Differentiating it with respect to x , we get 

  
 

2

.sinsin.
sin

x

xd

xd
xx

xd

d
x

x

x

xd

d

xd

yd










 

        
22

sincos1.sincos.

x

xxx

x

xxx 



  

Q.41. Differentiate
x

x
y

tan

log
  with respect to x . 

Sol. Given that 
x

x
y

tan

log
  

 Differentiating it with respect to x , we get 

  
   

x

x
xd

d
xx

xd

d
x

x

x

xd

d

xd

yd
2tan

tan.loglog.tan

tan

log










 

        
x

x

xxxx

x

xx
x

x

2

2

2

2

tan

sec.logtan

tan

sec.log
tan








 








 

  

        
xx

xxxx
2

2

tan

sec.logtan 
  

Q.42. Differentiate
x

x
y

sin

12 
  with respect to x . 

Sol. Given that 
x

x
y

sin

12 
  

 Differentiating it with respect to x , we get 

  
     

x

x
xd

d
xx

xd

d
x

x

x

xd

d

xd

yd
2

22
2

sin

sin.11.sin

sin

1









 


 



[Applied Mathematics-II, 220022] Ravi 
Bansal 

 

37  

 

        
   

x

xxxx

x

xxxx
2

2

2

2

sin

cos1sin2

sin

cos.12.sin 





 

 

Chain Rule: If )(xf  and )(xg  are two differentiable functions then 

                xgxgfxg
xd

d
xgfxgf

xd

d
'.'.'   

So, we may generalize our basic formulas as: 

(i)         xfxfnxf
xd

d nn '.1  here n  is any real number. 

(ii)         xfxfxf
xd

d
'.cossin 

 
etc. 

Questions based on Chain Rule: 

Q.20. Differentiate  12sin  xy  with respect to x . 

Sol. Given that  12sin  xy  

 Differentiating it with respect to x , we get 

       12.12cos12sin  x
xd

d
xx

xd

d

xd

yd

 

             12cos2012.12cos  xx
 

 

 

Logarithmic Differentiation : 

Let  xf  and  xg  are two differentiable function and    xgxfy   

To differentiate y , first we take logarithm of y : 

    xgxfy loglog   

      abaxfxgy b loglogloglog   

Differentiating it with respect to x , we get 
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         xfxg
xd

d
y

xd

d
loglog 

 

         xg
xd

d
xfxf

xd

d
xg

xd

yd

y
loglog

1
  

         xgxfxf
xf

xg
xd

yd

y
'log'

11


 

 
       








 xgxfxf

xf

xg
y

xd

yd
'log'

 

     
       








 xgxfxf

xf

xg
xf

xd

yd xg 'log'  

Questions based on Derivative of 𝒇(𝒙)𝒈(𝒙) or Logarithmic Differentiation : 

Q.55. Differentiate xxy   with respect to x . 

Sol. Given that xxy   

 Taking logarithm on both sides, we get 

xxy loglog   

 abaxxy b loglogloglog   

Differentiating it with respect to x , we get 

     xx
xd

d
y

xd

d
loglog 

 

 
xd

xd
xx

xd

d
x

xd

yd

y
loglog

1
  

1.log
1
.

1
x

x
x

xd

yd

y
  

x
xd

yd

y
log1

1
  

 xy
xd

yd
log1  
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 xx
xd

yd x log1
 

Q.56. Differentiate xxy sin  with respect to x . 

Sol. Given that xxy sin  

 Taking logarithm on both sides, we get 

xxy sinloglog   

 abaxxy b logloglog.sinlog   

Differentiating it with respect to x , we get 

     xx
xd

d
y

xd

d
log.sinlog 

 

   x
xd

d
xx

xd

d
x

xd

yd

y
sinloglogsin

1
  

xx
x

x
xd

yd

y
cos.log

1
.sin

1
  







  xx

x

x
y

xd

yd
coslog

sin
 







  xx

x

x
x

xd

yd x coslog
sinsin  

Q.57. Differentiate  xxy cos  with respect to x . 

Sol. Given that  xxy cos  

 Taking logarithm on both sides, we get 

 xxy cosloglog   

   abaxxy b loglogcosloglog   

Differentiating it with respect to x , we get 

      xx
xd

d
y

xd

d
cosloglog 
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    
xd

xd
xx

xd

d
x

xd

yd

y
coslogcoslog

1
  

    1.coslogcos
cos

11
xx

xd

d

x
x

xd

yd

y
  

   xx
x

x
xd

yd

y
coslogsin

cos

11
  

  xxxy
xd

yd
coslogtan   

    xxxx
xd

yd x coslogtancos   

Q.58. Differentiate xxy cos  with respect to x . 

Sol. Given that xxy cos  

 Taking logarithm on both sides, we get 

xxy cosloglog   

 abaxxy b logloglog.coslog   

Differentiating it with respect to x , we get 

     xx
xd

d
y

xd

d
log.coslog 

 

   x
xd

d
xx

xd

d
x

xd

yd

y
cosloglogcos

1
  

 xx
x

x
xd

yd

y
sin.log

1
.cos

1
  







  xx

x

x
y

xd

yd
sinlog

cos
 







  xx

x

x
x

xd

yd x sinlog
coscos  

Q.59. Differentiate   xxy cossin  with respect to x . 
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Sol. Given that   xxy cossin  

 Taking logarithm on both sides, we get 

  xxy cossinloglog   

   abaxxy b loglogsinlogcoslog   

Differentiating it with respect to x , we get 

      xx
xd

d
y

xd

d
sinlogcoslog 

 

      x
xd

d
xx

xd

d
x

xd

yd

y
cossinlogsinlogcos

1
  

     xxx
xd

d

x
x

xd

yd

y
sin.sinlogsin

sin

1
cos

1
  

 xxxx
xd

yd

y
sinlogsincoscot

1
  

  xxxxy
xd

yd
sinlogsincoscot   

    xxxxx
xd

yd x sinlogsincoscotsin cos   

Successive Differentiation or Higher Order Derivative:  

Let )(xfy   be a differentiable function, then 
xd

yd   represents the first order derivative of y   with 

respect to x . If we may further differentiate it i.e. 







xd

yd

xd

d  ,then it is called second order 

derivative of y   with respect to x . Some other way to represent second order derivative of y   with 

respect to x : 22

2

,'', yy
xd

yd
 . 

So, successive derivatives of y   with respect to x can be represented as 

  .,...,,,
3

3

2

2

etc
xd

yd

xd

yd

xd

yd

xd

yd
n

n
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Q.64. If 12512 358  xxxy , find 
2

2

xd

yd . 

Ans. Given that  12512 358  xxxy  

Differentiating with respect to x  , we get 

  12512 358  xxx
xd

d

xd

yd
 

247 15608 xxx
xd

yd
  

Again differentiating with respect to x  , we get 

  247
2

2

15608 xxx
xd

d

xd

yd
  

xxx
xd

yd
3024056 36

2

2

  

Q.65. If   xexy 5sinlog  , find 
2

2

xd

yd . 

Ans. Given that    xexy 5sinlog   

Differentiating with respect to x  , we get 

   xex
xd

d

xd

yd 5sinlog   

  xex
dx

d

xxd

yd 55sin
sin

1
  

xx exe
x

x

xd

yd 55 5cot5
sin

cos
  

Again differentiating with respect to x  , we get 

  xex
xd

d

xd

yd 5
2

2

5cot   

xexec
xd

yd 52
2

2

25cos   
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Q.66. If xexy 23 .  , find 3
2

2

xat
xd

yd . 

Ans. Given that  xexy 23 .   

Differentiating with respect to x  , we get 

  xex
xd

d

xd

yd 23 .   

   3223 x
xd

d
ee

xd

d
x

xd

yd xx    

   2223 32 xeex
xd

yd xx    

  xxx exxexex
xd

yd 2232223 3232    

Again differentiating with respect to x  , we get 

   xexx
xd

d

xd

yd 223
2

2

32   

   232223
2

2

3232 xx
xd

d
ee

xd

d
xx

xd

yd xx  
 

    xxeexx
xd

yd xx 66232 22223
2

2

 
 

  xexxxx
xd

yd 2223
2

2

6664   

  xexxx
xd

yd 223
2

2

6124   

Q.67. If xy 1tan  , prove that   021
2

2
2 

xd

yd
x

xd

yd
x . 

Ans. Given that  xy 1tan   

Differentiating with respect to x  , we get 

  x
xd

d

xd

yd 1tan   
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21

1

xxd

yd


  

  11 2 
xd

yd
x  

Again differentiating with respect to x  , we get 

      111 22

xd

d
x

xd

d

xd

yd

xd

yd

xd

d
x 








  

  021
2

2
2 

xd

yd
x

xd

yd
x  

Q.68. If AxAxy cossin  , prove that 02
2

2

 yA
xd

yd . 

Ans. Given that  AxAxy cossin   

Differentiating with respect to x  , we get 

  AxAx
xd

d

xd

yd
cossin   

AxAAxA
xd

yd
sincos   

Again differentiating with respect to x  , we get 

  AxAAxA
xd

d

xd

yd

xd

d
sincos 








 

AxAAxA
xd

yd
cossin 22

2

2

  

 AxAxA
xd

yd
cossin2

2

2

  

yA
xd

yd 2
2

2

  

02
2

2

 yA
xd

yd  

Q.69. If  xmy 1sinsin  , prove that   01 2
12

2  ymyxyx . 
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Ans. Given that   xmy 1sinsin   

Differentiating with respect to x  , we get 

   xm
xd

d

xd

yd 1sinsin   

   xm
dx

d
xm

xd

yd 11 sinsincos   

 
2

1

1
sincos

x

m
xm

xd

yd


 

 

 xmm
xd

yd
x 12 sincos1   

Again differentiating with respect to x  , we get 

   xmm
xd

d

xd

yd
x

xd

d 12 sincos1 







  

   xm
xd

d
xmmx

xd

d

xd

yd

xd

yd
x 112

2

2
2 sinsinsin11 





   

 
2

1

22

2
2

1
sinsin

1
1

x

m
xmm

x

x

xd

yd

xd

yd
x





 

 

  




 





   sidesbothonxgmultiplyinbyxmm

xd

yd
x

xd

yd
x 212

2

22
2 1sinsin1

 

  ymyxyx 2
12

21 
 

  01 2
12

2  ymyxyx  

Q.70. If xAey
1cot 

 , prove that     021 12
2  yAxyx . 

Ans. Given that  xAey
1cot 

  

Differentiating with respect to x  , we get 

  xAe
xd

d

xd

yd 1cot 

  
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 xA
xd

d
e

xd

yd xA 1cot cot
1 

  
















2
cot

1

1

x

A
e

xd

yd xA  

  xAeA
xd

yd
x

1cot21


  

  yA
xd

yd
x  21  

Again differentiating with respect to x  , we get 

      yA
xd

d
x

xd

d

xd

yd

xd

yd

xd

d
x 








 22 11  

 
xd

yd
A

xd

yd
x

xd

yd
x  21

2

2
2  

  021
2

2
2 

xd

yd
A

xd

yd
x

xd

yd
x  

    021
2

2
2 

xd

yd
Ax

xd

yd
x  

    021 12
2  yAxyx  

2.2 Applications of Differential Calculus 

(a)  Derivative as a Rate Measure: 

Let y  be a function of x , then 
xd

yd
 represents the rate of change of y  with respect to x . 

If 0
xd

yd
 then rate of change of y increases when x changes and if 0

xd

yd
 then rate of change of 

y decreases when x changes. 

Some Important Points to Remember: 

(i) Usually  t ,  s ,  v  and  a  are used to represent time, displacement, velocity and 
acceleration respectively.  



[Applied Mathematics-II, 220022] Ravi 
Bansal 

 

47  

 

Also 
td

sd
v  

sd

vd
v

td

sd

td

vd
a .

2

2

  

(ii) If the particle moves in the direction of s increasing, then 0
td

sd
v  and if the particle 

moves in the direction of s decreasing, then 0
td

sd
v . 

(iii) If 0a  then the particle is said to be moving with constant velocity and if 0a  then the 

particle is said to have retardation. 

(iv) If 0
xd

yd
 then y  is constant. 

(v) If )(xfy   be a curve then 
xd

yd
 is said to be the slope of the curve. It is also 

represented by m i.e. 
xd

yd
mslope  . 

(vi) If r  be the radius, A  be the area and C  be the circumference of the circle then 

rCrA  2&2  . 

(vii) If r  be the radius, S  be the surface area and V  be the volume of the sphere then 

32

3

4
&4 rVrS   . 

(viii) If r  be the radius of base, h  be the height, l  be the slant length, S  be the surface area 

and V  be the volume of the cone then hrVrlrS 22

3

1
&   . 

(ix) If a  be the length of side, S  be the surface area and V  be the volume of the cube then 
32 &6 aVaS  . 

Questions Related to Rate Measure: 

Q.1. If 765 23  xxxy  and x  increases at the rate of 3 units per minute, how fast is the 

slope of the curve changes when 2x .  

Sol. Let t  represents the time. 

Given that 765 23  xxxy       (1.1) 

and  3
td

xd
         (1.2) 

Let m  be the slope of the curve. 
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xd

yd
m  

     1.1765 23 usedxxx
xd

d
m   

 6103 2  xxm  

 Differentiating it with respect to t , we get 

  6103 2  xx
td

d

td

md
 

  
td

xd
x

td

md
106   

     2.13.106 usedx
td

md
  

 3018  x
td

md
        (1.3) 

 Put 2x  in (1.3), we get 

   66303630218
2










x
td

md  

 Hence the rate of slope of given curve increases 66 units per minute when 2x . 

Q.2. If 32 235 xxy   and x  decreases at the rate of 6 units per seconds, how fast is the slope 

of the curve changes when 7x .  

Sol. Let t  represents the time. 

Given that 32 235 xxy         (2.1) 

and  6
td

xd
        (2.2) 

Let m  be the slope of the curve. 

 
xd

yd
m  
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     1.2235 32 usedxx
xd

d
m   

 266 xxm   

 Differentiating it with respect to t , we get 

  266 xx
td

d

td

md
  

  
td

xd
x

td

md
126  

       2.26.126 usedx
td

md
  

 x
td

md
7236         (2.3) 

 Put 7x  in (2.3), we get 

   4685043677236
7










x
td

md  

 Hence the rate of slope of given curve decreases 468 units per second when 7x . 

Q.3. A particle is moving along a straight line such that the displacement s  after time t  is given 

by 72 2  tts . Find the velocity and acceleration at time 20t . 

Sol. Let v  be the velocity and a  be the acceleration of the particle at time t . 

Given that the displacement of the particle is    72 2  tts  

Differentiating it with respect to t , we get 

 72 2  tt
td

d

td

sd  

14  tv         (3.1) 

Again differentiating with respect to t , we get 

 14  t
td

d

td

vd  

4 a         (3.2) 
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Put 20t  in (3.1) and (3.2), we get 

      4&811204 2020   tt av  

Hence velocity of the particle is 20 and acceleration is 4 when 20t . 

Q.4. If a particle is moving in a straight line such that the displacement s  after time t  is given by 

tvs
2

1
 , where v  be the velocity of the particle. Prove that the acceleration a  of the 

particle is constant. 

Sol. Given that the displacement of the particle is    tvs
2

1
  

Differentiating it with respect to t , we get 







 tv

td

d

td

sd

2

1  











td

vd
t

td

td
vv

2

1
 

td

vd
tvv

2

1

2

1
  

td

vd
tvv

2

1

2

1
  

td

vd
t

v

2

1

2
  

atv   

Again differentiating with respect to t , we get 

 at
td

d

td

vd
  

td

td
a

td

ad
t

td

vd
  

a
td

ad
ta   

0
td

ad
t  
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0
td

ad  

This shows that acceleration of the particle is always constant. 

Q.5. Find the rate of change per second of the area of the circle with respect to its radius r  when
.4 cmr  .  

Sol. Given that  r  be the radius of the circle. 

Let A  be the area of the circle. 

2rA   

  2r
rd

d

rd

Ad
  

 r
rd

Ad
2

        
(5.1) 

Put 4r  in (5.1), we get 

  842
4










r
rd

Ad  

 Hence the rate of change of area of the circle is sec/8 2cm . 

Q.6. The radius of the circle increases at the rate sec/4.0 cm . What is the increase of its 

circumference. 

Sol. Let  r  be the radius and C  be the circumference of the circle. 

 Given that sec/4.0 cm
td

rd


      
(6.1) 

Now rC 2  

  r
td

d

td

Cd
2  

   1.6sec/8.04.022 usedcm
td

rd

td

Cd
   

 Hence circumference of the circle increases at the rate sec/8.0 cm . 

Q.7. Find the rate of change of the volume of a ball with respect to its radius r .  
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Sol. Given that  r  be the radius of the ball. 

Let V  be the volume of the ball. 

3

3

4
rV   

 





 3

3

4
r

rd

d

rd

Vd
  

 22 43
3

4
rr

rd

Vd
 

 
 

 which is the required rate of change of the volume of a ball with respect to its radius r . 

Q.8. Find the rate of change of the surface area of a ball with respect to its radius r .  

Sol. Given that  r  be the radius of the ball. 

Let S  be the surface area of the ball. 

24 rS   

  24 r
rd

d

rd

Sd
  

 rr
rd

Sd
 824 

 
 

 which is the required rate of change of the surface area of a ball with respect to its radius r . 

Q.9. Find the rate of change per second of the volume of a ball with respect to its radius r when 
cmr 6 . 

Sol. Given that  r  be the radius of the ball. 

Let V  be the volume of the ball. 

3

3

4
rV   

 





 3

3

4
r

rd

d

rd

Vd
  

 22 43
3

4
rr

rd

Vd
 

 
      (9.1) 
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Put 6r  in (9.1), we get 

   14464 2

6










rrd

Vd
 

Hence the rate of change of volume of the ball is sec/144 3cm . 

Q.10. Find the rate of change per minute of the surface area of a ball with respect to its radius r  
when mr 9 . 

Sol. Given that  r  be the radius of the ball. 

Let S  be the surface area of the ball. 

24 rS   

  24 r
rd

d

rd

Sd
  

 rr
rd

Sd
 824 

 
      (10.1) 

Put 9r  in (10.1), we get 

 7298
9










rrd

Sd
 

Hence the rate of change of surface area of the ball is min/72 2m . 

Q.11. The radius of an air bubble increases at the rate of sec/2 cm . At what rate is the volume of 

the bubble increases when the radius is cm5 ? 

Sol. Let  r  be the radius, V  be the volume of the bubble and t  represents time. 

 So, by given statement sec/2cm
td

rd
        (11.1) 

and 3

3

4
rV   







 3

3

4
r

td

d

td

Vd
  

 
td

rd
r

td

rd
r

td

Vd 22 43
3

4  
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28 r
td

Vd


  
       (11.2) 

                         1.11used  

Put 5r  in (11.2), we get 

   20058 2

5










rtd

Vd
 

Hence volume of the bubble increases at the rate sec/200 3cm . 

Q.12. Find the rate of change of the volume of the cone with respect to the radius of its base. 

Sol. Let  r  be the radius of the base, h  be the height and V  be the volume of the cone. 

    
hrV 2

3

1
 







 hr

rd

d

rd

Vd 2

3

1
 

hrrh
rd

Vd


3

2
2

3

1
 . 

Q.13. Find the rate of change of the volume of the cone with respect to its height. 

Sol. Let  r  be the radius of the base, h  be the height and V  be the volume of the cone. 

    
hrV 2

3

1
 







 hr

hd

d

hd

Vd 2

3

1
 

2

3

1
r

hd

Vd
 . 

Q.14. Find the rate of change of the surface area of the cone with respect to the radius of its base. 

Sol. Let  r  be the radius of the base, l  be the slant length and S  be the surface area of the 
cone. 

    
2rlrS  
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 2rlr
rd

d

rd

Sd
 

 

rl
rd

Sd
2 

 

rl
rd

Sd
 2 . 

Q.15. Sand is pouring from a pipe at the rate sec/10 cc . The falling sand forms a cone on the 

ground in such a way that the height of the cone is always one-fifth of the radius of the base. 
How fast the height of the sand cone increases when the height is cm6 ? 

Sol. Let  r  be the radius of the base, h  be the height and V  be the volume of the cone at the 
time t . 

 So, by given statement 
5

r
h         (15.1) 

and hrV 2

3

1  

    1.15
3

25
5

3

1 32 usedhhhV    

 
td

hd
h

td

hd
hh

td

d

td

Vd 223 253
3

25

3

25  







 
  (15.2) 

Also, by given statement sec/10cc
td

Vd
      (15.3) 

From (15.2) and (15.3), we get 

1025 2 
td

hd
h  

22 5

2

25

10

hhtd

hd


  

When cmh 6 , 
   90

1

65

2
2


td

hd
 

Hence the rate of increases of height of the sand cone is sec/
90

1
cm


, when cmh 6 . 
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Q.16. The length of edges of a cube increases at the rate of sec/2 cm . At what rate is the volume 

of the cube increases when the edge length is cm1 ? 

Sol. Let  a  be the length of edge and V  be the volume of the cube at time t . 

 So, by given statement sec/2cm
td

ad
        (16.1) 

and 3aV   

 3a
td

d

td

Vd
  

 
td

ad
a

td

Vd 23
 

     

26a
td

Vd


  
       (16.2) 

                       1.16used  

Put 1a  in (16.2), we get 

  616 2

1










atd

Vd
 

Hence volume of the cube increases at the rate sec/6 3cm . 

Q.17. The total revenue received from the sale of x  units of a product is given by 

  20186 2  xxxR  

Find the marginal revenue when 10x . 

Sol. Given that   20186 2  xxxR  

Marginal revenue  xm  is given by 

    xR
xd

d
xm   

   20186 2  xx
xd

d
xm  

   1812  xxm         (17.1) 
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Put 10x  in (17.1), we get 

    13818101210 m  

Hence the marginal revenue is 138 when 10x . 

 

(b)  Maxima and Minima 

Maximum Value of a Function & Point of Maxima: Let  xf  be a function defined on domain 

RD . Let a  be any point of domain D . We say that  xf  has maximum value at a  if   )(afxf   

for all Dx and a  is called the point of maxima. 

e.g. Let   52  xxf   for all  Rx  

Now      02 x   for all  Rx  

02  x   for all  Rx  

552  x   for all  Rx  

i.e.   5)( xf   for all  Rx  

Hence 5  is the maximum value of )(xf  which is attained at 0x . Therefore 0x  is the point of 

maxima. 

Minimum Value of a Function & Point of Minima:  Let  xf  be a function defined on domain 

RD . Let a  be any point of domain D . We say that  xf  has minimum value at a  if   )(afxf   

for all Dx and a  is called the point of minima. 

e.g. Let   82  xxf   for all  Rx  

Now        02 x   for all  Rx  

882 x   for all  Rx  

i.e.   8)( xf   for all  Rx  

Hence 8  is the minimum value of )(xf  which is attained at 0x . Therefore 0x  is the point of 

minima. 

Note: We can also attain points of maxima and minima & their corresponding maximum and 
minimum value of a given function by differential calculus too. 
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Working Rule to find points of maxima or minima or inflexion by Differential Calculus: 

Step 
No. 

Working Procedure 

1 Put )(xfy   
2 Find  

xd

yd  

3 Put 0
xd

yd  and solve it for x . 

Let nxxx ,...,, 21  are the values of x . 
4 

Find 
2

2

xd

yd . 

5 
Put the values of x  in 

2

2

xd

yd . Suppose ixx   be any value of x . 

If 0
2

2


xd

yd  at ixx   then ixx   is the point of maxima and )( ixf  is the maximum value 

of )(xf .  

If 0
2

2


xd

yd  at ixx   then ixx   is the point of minima and )( ixf  is minimum value of

)(xf . 

If 0
2

2


xd

yd  at ixx  . Find 
3

3

xd

yd . If 0
3

3


xd

yd  at ixx   then ixx   is the point of inflexion. 

 
  

Questions of Maxima and Minima: 

Q.1. Find all the points of maxima and minima and the corresponding maximum and minimum 

values of the function   512 23  xxxf . 

Sol. Let           512 23  xxxfy  

Differentiating it with respect to x , we get 

        512 23  xx
xd

d

xd

yd

 

     
xx

xd

yd
243 2   

Again differentiating with respect to x , we get 

        xx
xd

d

xd

yd
243 2

2

2


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      246
2

2

 x
xd

yd

 

Put  0
xd

yd
, we get 

       0243 2  xx
 

     
  083 xx

 
080  xorxEither

 
80  xorxEither

 
When 0x : 

  24246 0

0
2

2












x

x

x
xd

yd
< 0 

which shows that 0x is a point of maxima. 

So maximum value of   512 23  xxxf  is 

    5512 0
23

0   xx xxy  

When 8x : 

    242486246 8

8
2

2












x

x

x
xd

yd
> 0 

which shows that 8x is a point of minima. 

So minimum value of   512 23  xxxf  is 

      58128512 23
8

23
8   xx xxy  

             2515768512   

Q.2. Find all the points of maxima and minima and the corresponding maximum and minimum 

values of the function   636276 23  xxxxf . 

Sol. Let           636276 23  xxxxfy  

Differentiating it with respect to x , we get 
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        636276 23  xxx
xd

d

xd

yd

 

     
365418 2  xx

xd

yd
 

Again differentiating with respect to x , we get 

        365418 2
2

2

 xx
xd

d

xd

yd

 

      5436
2

2

 x
xd

yd

 

Put  0
xd

yd
, we get 

       0365418 2  xx  

           0232  xx
 

     0222  xxx  

    0212  xxx  

           021  xx  

0201  xorxEither
 

21  xorxEither
 

When 1x : 

  1854365436 1

1
2

2












x

x

x
xd

yd
< 0 

which shows that 1x is a point of maxima. 

So maximum value of   636276 23  xxxxf  is 

    21636276636276 1
23

1   xx xxxy  

When 2x : 
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  1854725436 2

2
2

2












x

x

x
xd

yd
> 0 

which shows that 2x is a point of minima. 

So minimum value of   636276 23  xxxxf  is 

    1867210848636276 2
23

2   xx xxxy  

Q.3. Find all the points of maxima and minima and the corresponding maximum and minimum 

values of the function   11862 23  xxxxf . 

Sol. Let           11862 23  xxxxfy  

Differentiating it with respect to x , we get 

        11862 23  xxx
xd

d

xd

yd

 

     
18126 2  xx

xd

yd
 

Again differentiating with respect to x , we get 

        18126 2
2

2

 xx
xd

d

xd

yd

 

      1212
2

2

 x
xd

yd

 

Put 0
xd

yd
, we get 

       018126 2  xx
 

      
  0326 2  xx

 
               0322  xx  

           0332  xxx  

          0313  xxx  

                 031  xx
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0301  xorxEither
 

31  xorxEither
 

When 1x : 

  02412121212 1

1
2

2












x

x

x
xd

yd
 

which shows that 1x is a point of minima. 

So minimum value of   11862 23  xxxxf  is 

 
    1

23
1 11862   xx xxxy  

      11181612 23   

1111862   

When 3x : 

  2412361212 3

3
2

2












x

x

x
xd

yd
< 0 

which shows that 3x is a point of maxima. 

So maximum value of   11862 23  xxxxf  is 

 
    3

23
3 11862   xx xxxy  

      13183632 23   

531545454   

Q.4. Find all the points of maxima and minima and the corresponding maximum and minimum 

values of the function  
2

0cossin


 xwherexxxf . 

Sol. Let           xxxfy cossin   

Differentiating it with respect to x , we get 

        xx
xd

d

xd

yd
cossin 
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xx

xd

yd
sincos   

Again differentiating with respect to x , we get 

        xx
xd

d

xd

yd
sincos

2

2


 

      xx
xd

yd
cossin

2

2


 

Put  0
xd

yd
, we get 

       0sincos  xx
 

      
xx sincos 

 

      1
sin

cos


x

x
 

       1cot x  

      
2

0
4

cotcot


 xasx  

           
4


x

 

When 
4


x : 

 
4

cos
4

sincossin
4

4

2

2 















x

x

xx
xd

yd
  

        
2

2

2

1

2

1
  < 0 

which shows that 
4


x is a point of maxima. 

So maximum value of   xxxf cossin   is 

 
   

44
cossin 

  xx xxy  
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4
cos

4
sin


  

2

2

2

1

2

1
  

Q.5. Find all the points of maxima and minima and the corresponding maximum and minimum 

values of the function    xif
x

x
xf 0

log . 

Sol. Let          
x

x
xfy

log
  

Differentiating it with respect to x , we get 

       







x

x

xd

d

xd

yd log

 

     

 
2

loglog

x

xd

xd
xx

xd

d
x

xd

yd



 

     
2

log
1

x

x
x

x

xd

yd



 

     
2

log1

x

x

xd

yd 
  

Again differentiating with respect to x , we get 

       





 


22

2 log1

x

x

xd

d

xd

yd

 

      
     

4

22

2

2 log1log1

x

x
xd

d
xx

xd

d
x

xd

yd



 

      

  
4

2

2

2 2log1
1

0

x

xx
x

x

xd

yd







 


 

       
3342

2 log23log221log22

x

x

x

x

x

xxxx

xd

yd 







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Put  0
xd

yd
, we get 

       0
log1
2



x

x

 

      
0log1  x

 
           1log x  

                ex   

When ex  : 

332

2 log23log23

e

e

x

x

xd

yd

exex









 












  

         1log0
123
33







 eused
ee

 

which shows that ex  is a point of maxima. 

So maximum value of  
x

x
xf

log
  is 

 
 

ee

e

x

x
y

ex
ex

1loglog










  

Q.6. Find two positive numbers yx &  such that 16. yx  and the sum yx   is minimum. Also 

find the minimum value of sum. 

Sol. Given that  
x

yyx
16

16.   

Let           
x

xSyxS
16

  

Differentiating it with respect to x , we get 

       





 

x
x

xd

d

xd

Sd 16

 

     
22

16
1

1
161

xxxd

Sd









 

Again differentiating with respect to x , we get 
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       





 

22

2 16
1

xxd

d

xd

Sd

 

      
332

2 322
160

xxxd

Sd








  

Put  0
xd

Sd
, we get 

          0
16

1
2


x  

      
0

16
2

2



x

x

 

       0162 x  

44  xorxEither  

4x is rejected as x  is positive. 

When 4x : 

0
2

1

64

32

4

3232
3

4
3

4
2

2

















 xx
xxd

Sd
  

which shows that 4x is a point of minima. 

Now at 4x , value of y  is : 

  4
4

1616

4
4 











x
x x

y  

Also minimum value of sum yxS   is 

 
    8444,44,4   yxyx yxS  

Q.7. Find the dimensions of the rectangle of given area 169 sq. c.m. whose perimeter is least. 
Also find its perimeter. 

Sol. Let the sides of the rectangle are yandx  ,  A   be the area and P   be the perimeter. 

x
ymcsqyxA

169
...169   
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And            
x

x
x

xPyxP
338

2
169

22 





   

Differentiating it with respect to x , we get 

       





 

x
x

xd

d

xd

Pd 338
2

 

     
22

338
2

1
3382

xxxd

Pd









 

Again differentiating with respect to x , we get 

       





 

22

2 338
2

xxd

d

xd

Pd

 

      
332

2 6762
3380

xxxd

Pd








  

Put  0
xd

Pd
, we get 

              0
338

2
2


x  

      
0

3382
2

2



x

x

 

       03382 2 x  

                  1692 x  

1313  xorxEither  

13x is rejected as x  can’t be negative. 

When 13x : 

 
0

13

4

13

676676
3

13
3

13
2

2

















 xx
xxd

Pd
  

which shows that 13x is a point of minima. 

Therefore, Perimeter is least at 13x . 
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Now at 13x , value of y  is : 

  13
13

169169

13
13 











x
x x

y  

Also least value of perimeter  yxP  2  is 

 
    ..52262622 13,1313,13 mcyxP yxyx    

Q.8. Show that among all the rectangles of a given perimeter, the square has the maximum area. 

Sol. Let the sides of the rectangle are yandx  ,  A   be the area and P   be the given perimeter.  

  x
PxP

yyxPyxP 



22

2
222  

And 

2

2
x

xP
yxA              

Differentiating it with respect to x , we get 

       






  2

2
x

xP

xd

d

xd

Ad

 

     
x

P

xd

Ad
2

2


 

Again differentiating with respect to x , we get 

       





  x
P

xd

d

xd

Ad
2

22

2

 

      220
2

2


xd

Ad

  

Put  0
xd

Ad
, we get 

        02
2

 x
P

 

               4

P
x 
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When 
4

P
x : 

02

4

2

2











P

x
xd

Ad
  

which shows that 
4

P
x is a point of maxima. 

Therefore, Area is maximum at 
4

P
x . 

Now at 
4

P
x , value of y  is : 

 
4422

4
4

PPP
x

P
y

P
x

P
x 






 


  

4

P
yx 

 
gives the maximum area. 

Hence among all the rectangles of a given perimeter, the square has the maximum area. 

Q.9. Find all the points of maxima and minima and the corresponding maximum and minimum 

values of the function   13  xxf . 

Sol. Let           13  xxfy  

Differentiating it with respect to x , we get 

        13  x
xd

d

xd

yd

 

     

23 x
xd

yd
  

Again differentiating with respect to x , we get 

        2
2

2

3 x
xd

d

xd

yd


 

      x
xd

yd
6

2

2


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Put 0
xd

yd
, we get 

 03 2 x
 

0 x
 

When 0x : 

  0066 0

0
2

2












x

x

x
xd

yd
 

To check maxima or minima, we need to find third order derivative of y  with respect to x . 

So,  x
xd

d

xd

yd
6

3

3

  

 
06

3

3


xd

yd
 

which shows that 0x  is neither a point of maxima nor a point of minima, hence the given 

function has neither maximum value nor minimum value. 


